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Abstract

This paper is concerned with heterogeneous capital and exogenoudly fixed investment shares in dynamic, multi-
sector computable genera equilibrium (CGE) models. In particular, it addresses the question of whether policy
results of dynamic CGE modd s are robust with respect to investment aggregation, which is commonly done in
CGE modeling. Two models — a reference modd with heterogeneous capital and optimal investment and a sec-
ond model with fixed investment shares and with one capital aggregate — build the framework of the anaysis and
offer two main conclusions. First, steady state policy effects are qualitatively identical. Second, transition paths
depend on the respective aggregation rule, thus revealing that the short run impact of differentia policy differs
among frameworks used in dynamic CGE modeling.
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1. Introduction

This paper is concerned with heterogeneous capital and fixed investment shares in dynamic,
multi-sector computable general equilibrium (CGE) models. It sheds light on investment
(capital) aggregation rules commonly used in dynamic CGE modeling. In particular, it ad-
dresses the question of whether policy results are robust with respect to investment aggrega-
tion compared with the policy effects shown in a fully micro-founded multi-sector GE model
with heterogeneous capital goods.

A close look from the point of view of a theorist on the different specifications of capital
composites used in dynamic, multi-sector CGE models awakens two concerns. First, why
can't we find the equivalent of a sectoraly fully disaggregated and micro-founded general
equilibrium model — i.e. a model in which sector specific capital stocks are determined by
household optimization — in the CGE literature? Second, if a dynamic CGE model incorpo-
rates some kind of capital aggregation, can we expect the policy conclusions of the CGE
model to be robust with respect to specific rules of capital aggregation?

The answer to the first question may well be two-fold: theoretical and empirical. On the em-
pirical level, it is simply the lack of data (e.g., the lack of knowledge of a capital composition
matrix), which precludes the specification of a detailed capital stock dynamics on a sectoral
level. Concerning theory, it isthe dominance of the well articulated one-capital good theory in
either the Ramsey (1928) - Solow (1956) dynastic approach or the Allais (1947) - Diamond
(1965) overlapping generations (OLG) approach to intertemporal allocation problems, which
hinders GE users to apply theoretically much less well-articulated GE models with heteroge-
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neous capital goods. Theoretical sophistication hereby concerns mathematical analysis of ex-
istence, stability and comparative dynamics of steady states. While one-capital good models
are well understood in this respect, existence and stability of steady states in multi-sector,
multi-capital goods model were much less intensely investigated.

The answer to the second question is much more difficult to find, nonetheless it is most im-
portant for all empirical applications of multi-sector GE theory. If it were the case that capital
aggregation (qualitatively) changes policy results, the employed CGE models could easily be
guestioned. If, on the other hand, we came to the conclusion that policy results are robust with
respect to capital aggregation, we firstly had a justification for their usage in CGE modeling
and secondly we knew that we could rely on analyses established so far. This second question
is looked at in this paper.

In the following sections, a multi-sector, multi-capital goods variant of the overlapping gen-
erations (OLG) model with optimal investment is developed. The model represents a refer-
ence model against which a second OLG model with one capital aggregate and with fixed in-
vestment shares is compared. The two models differ primarily with respect to investment ag-
gregation. In the reference model investment by sector of origin is derived by household op-
timization whereas in the other model fixed investment shares determine investment by sector
of origin. The choice of the OLG approach (against the dynastic approach) is motivated by the
high popularity that the Auerbach and Kotlikoff (1987) overlapping multi-cohorts approach
has gained over the past decade. Subsequently, differential policy is analytically and numeri-
cally analyzed in both models in order to answer the questions posed above.

The contribution of this paper to the existing literature is threefold. First of all, it represents
afirst step in analyzing the important question of robustness of policy analysis with respect to
capital aggregation, which in no way has been addressed so far. Second, the reference model
against which the fixed-investment share GE model is compared is itself an innovation. While
Galor (1992) presents a two-sector OLG model with one investment good sector (homogene-
ous capital) we develop a two-sector OLG model with heterogeneous capital. This model and
the effects of sector-specific taxation within it has not yet been analyzed in the existing lit-
erature. Thus, the paper provides a useful framework for policy analysis of issues whose mod-
eling requires a multi-dimensional commodity space. Third, the reference model not only
further develops multi-sector OLG theory, but also represents a microfoundation for CGE
models in the tradition of dynamic input-output analysis, as is explained below in more detail.

The paper offers three main conclusions. First, both models — the reference model and the
fixed investment share model — predict the same qualitative steady state effects of differential
policy on the economy. Second, for a wide range of parameter values, both models predict
guantitatively "similar" policy results. However, for extreme parameter combinations quanti-
tative steady state effects may differ between the two model types. Third, the number of di-
mensions and state variables of the reference model always exceeds the number of dimensions
and state variables of fixed investment share models. This characteristic suggests differences
in the transition paths that the two models generate. The analysis below especially demon-
strates differences of transition paths of relative prices in the short run. Furthermore the analy-
sis shows that overshooting regularly occurs in the reference model, which is never possible in
the second model with fixed investment shares. The bottom line of the analysis is that the in-
vestment aggregation type model (with fixed investment shares) can safely replace the refer-
ence model (with investment by sector of origin derived by household optimization) for
steady state policy analysis. Nevertheless both models predict different transition paths of
major economic variables.

The paper is organized as follows. Section 2 is concerned with the algebraic specification
and steady state analysis of a fully micro-founded two-sector OLG model with two heteroge-
neous capital stocks (reference model). Section 3 is devoted to the presentation of the struc-
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ture and the results of the steady-state analysis of a two-sector OLG version of multi-sector
dynamic CGE models with a capital aggregate and with fixed investment. Both models are
then used to assess the respective steady state effects of a sector-specific policy shock in sec-
tion 4. The structural differences of the equilibrium dynamics among both models and the dif-
ferences in the transition paths of main variables are discussed in section 5. Finally, section 6
brings about the conclusions of the paper.

2. TheReference Model: A Two-Sector OLG M odel with
Heter ogeneous Capital and Optimal | nvestments by Sector of Origin

The two-sector OLG version of the RM that is developed in this section is inspired by the
seminal contribution of Galor (1992) and is in line with Farmer (1997). In Galor's (1992)
magisterial work on the global dynamics of a two-sector OLG model with capital accumula-
tion the involved capital good is homogeneous since the output of only one sector is assumed
to augment the capital stock (smilar Kalra 1996). Therefore, it cannot be used as reference
for FISM with a capital aggregate composed of investment goods differentiated by sector of
origin. Farmer (1997) develops a two-sector OLG model with heterogeneous capital (invest-
ment) albeit specifies static expectations. Additionally, his analysis of the equilibrium dy-
namics is restricted by the assumption that the investment output of a specific sector is used as
capital input in the same sector only; i.e. capital services are immobile.

The present model generalizes this approach by introducing both sector-mobile heterogene-
ous capital and perfect foresight. However, in the following this generalized model framework
is not subjected to arigorous analysis of the existence, uniqueness and stability of the equilib-
rium dynamics as in Galor (1992), since its main intention is the analysis of differential pol-
icy. Both the steady state effects and transitional dynamics of a simple type of tax policy will
be investigated within this multi-sector OLG model with heterogeneous capital. Hence, the
model provides a useful and internal consistent framework for policy analysis of issues whose
modeling requires a multi-dimensional commodity space. In order to ensure that a unique and
(saddle-path) stable equilibrium dynamics exists and to be in line with CGE applications the
intertemporal utility function and sector production functions are algebraically specified. For
analytical convenience log-linear utility and (nested) Cobb-Douglas respectively Leontief
production functions are assumed.

Both the model and the policy investigated take into consideration the basic characteristics
of typical models and typical policies that are dealt with in the CGE papers. These are the
following:

- consumption and aggregate savings are determined by household optimization;

- there are several production sectorsthat produce both consumption and investments goods,

- sectorally differentiated physical investments increase sector-of-origin specific capital stocks,
which supply sector-mobile capital services,

- the allocation of physical investments by sector of origin among sectors of destination is
governed by the equality of the rates of return on the capital goods as well as by fixed
proportions of the inputs of capital goodsin both sectors;

- the policy is sectorally differentiated;

- there istaxation of socially undesirable consumer behavior;

- revenues are recycled into the econony.

2.1 The Reference M odd

There are two industries i = x,y, which produce both consumption and investment goods.
X, and Y, are the quantities produced in period t by the use of two factors, labor services
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(N, N/) and capital services by sector of destination D, respectively D;. While labor serv-
ices represent original production factors, the sector-of-destination specific capital input is
assumed of being a Leontief composite of sector-of-origin specific capital services. This
specification is inspired by the objective to meet the above mentioned empirical problem of
neoclassical growth models with heterogeneous capital goods. Additionally, the assumption of
fixed-proportioned inputs of the services of sector of origin specific capital goods in RM
amounts to be a natural equivalent of the assumption of fixed investment shares in FISM.

The industries operate within a fully competitive environment and maximize profits. Pro-
duction is specified according to a Cobb-Douglas production function (x-sector) and following
Leontief (y-sector). The growth factor of the labor force is exogenously fixed at G*, labor
productivity increases uniformly across sectors at the exogenously given factor G”. The natu-
ral growth factor is G" =G"G'. Services of x- and y-capital stocks are perfectly mobile be-
tween the production sectors implying uniform service prices Q" and Q; of sector-of-origin
specific capital stocks. Labor is perfectly mobile at the competitively determined wage rate
W,.

The x-commodity represents the numeraire of the model. Therefore the following relative
prices are defined: p=R’/R* w=W/R*, q=Q/R*, l+i, =1+r,/RL/R"
1+r,, =Q%,/R* =Q%, /R’ . Relative prices are depicted as lower case letters. Additionally,
we express all quantities in terms of per efficiency capita. The levels variables are transformed
in the following manner: d*=D}/(aN}), d*=D"/aN’, d”=D*/aN*, d’=
D’/(aN?), d”=D?/aN’, d”=D"/aN’, x =X/(aL), y, =Y /@L), I'=N/L,
IV=NY/L, k= KX/al, k’=K/a L . With this notation at hand, firm behavior can
conveniently be characterized by equations (2.1) - (2.8).

x =1 (d*)", 0<a <1 (2.2)
dtx:mméi% b—5,0<q<x<1,0<b <1 (2.2
(1-a)(a) =2 2.3)
a

a (&)™ = (b, +byps) (2.4)
Y, = mm% d;lyg,0<bO 0<b <1 (2.5)
dy:miné%xy ﬁ%o<%<10<qﬂ<1 (2.6)
‘ by Y '
b = boW+Qq( +b,ps) 2.7)
=R 2.8
d’ b, (2.8)



Coefficient a represents the production elasticity of capital services in x-production, a, ac-
counts for changes in labor productivity, coefficients by, andb, denote the labor and capital
requirement per unit of y-output respectively, the coefficients by,i, j =X,y indicate the re-

quirement of capital stock i services per unit of sector j capital input.?

In each period, there are two types of generations. the young household (offering labor
services) and the old household (not offering labor services). Further on subscripts 1 and 2
index the typical young and old household respectively. At the beginning of period t the old

household holds stocks of both commodities produced during t -1, denoted by K/L,_, and
K. /L., . The expenditures of (per capita) x- and y-consumption are financed by the (per cap-
ita) rental income Q*(K.* /L,_,) +Q’(K//L,_,) of the typical old household. Notice that capi-

tal stocks completely depreciate after one period.®
At the beginning of any period, the typical young household receives wage income (plus
transfers) that is used to finance the per capita consumption and investment purchases of both

products ¢, ¢, 1*/L, 1) /L, a the nominal prices P*,R”. For the household to demand both
investment goods, the following no-arbitrage condition isto hold:

y
Q= q‘p:l =1+i,,. (2.9)

The budget constraints in the first and second period of the planning horizon of the young
household take the following form:
X Ity

(1+t7)c +'Et *RGL R =W (210.8)

(L) G+ PGl =Rk + (2:10b)

Variable t* represents a tax on x-consumption. The tax program, which is analyzed below,
amounts to a simple type of differential consumption taxation. To keep the tax program as
simple as possible, we assume that the tax rate is uniform across generations and does not
change over time (the tax is permanent). Furthermore each generation receives transfers in
proportion to its tax payment respectively. Additionally, the present value of tax payments of
each generation equals the present value of its respective per capita transfers tr,, and tr,,,

(see Auerbach and Kotlikoff 1987, 60). Thus the income effect is eliminated and the impact of

the tax program is due to the substitution effect only.

X AX tXCIX+12

g+
T

tr
=tr,, +1:il’2 (2.11)
t+1

To prevent a public authority from running surpluses or deficits, we assume that in each pe-
riod the revenue is completely recycled to the younger and the older generation:

Lt'c; + Lat'e, =Lt +Ltr, (212)
Investment in period t increases the capital stocksin period t +1.

2 Observe that capital services are fully mobile. Nonetheless their alocation is governed by the coefficients b,

The mativation behind this specification is twofold. First, it weakens the criticism against multi-sector neoclas-
sical growth modds. Here the alocation of capital servicesis not only governed by household optimization but
by technical considerations too. Second, the present specification makes the RM more similar to the FISM in
which investment is governed by exogenous shares.

3 Theresults of the paper do not change when considering other feasible depreciation rates.
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Individuals are identical within as well as across generations. Individuals entering the econ-
omy at timet are characterized by the following intertemporal utility function:

=y*Ing’; +(1-y*)Ing, + BE/Inciy, +(1-y)Incl, [. (2.14)

Here y*and(1- y*) denote the constant utility elasticities of x- and y-consumption and 3 de-

notes the time preference factor of the young household. The household entering the economy
in t maximizes (2.14) subject to (2.10) and - implicitly - subject to non-negativity constraints
with respect to all decision variables. The log-linearity of the utility function implies the exis-
tence of an interior solution.

Because of the competitive nature of the economy, the markets for labor (2.13), both capital
services (2.14 and 2.15) and both goods (2.16) clear in each period. On account of Walras
Law, the condition for y—market clearing is redundant.

(2.13)

1X+17 =1 (2.15)

b1 +b,d?1Y = (2.16)

b, a1 +b,,d1Y =k’ (2.17)

x =ci/a +a /(G a ) +G"k (218)

2.2 Equilibrium Dynamics and Characterization of the Steady State

The equations presented above allow for the derivation of the dynamical system of the RM.
The dynamical system consists of three equations of motion (2.19) — (2.21) in the variables

k*,d*, p.* These are derived in appendix A, which is available from the authors upon request.

(0 -av)( —b,d”)(&) _(2-a)y*(a’)

kt+1: Gn(]b(llo(dtx_b dy) (1+B)Gn¢ ( )
2.19
(1-a)(a)'E o
SRR ) L ey
b,G ¢(u<xd ~b,d’)
ds = Q(j;ygkoi ;yjiygk{)sdyy , ky and kj exogenously given
gs, = 4Gk By +by pf-yd0 () _vith g =ED)E.
Gl P+, P0G ~b,0 (o) s 220)
RO el 1) LU
=h,b, —b,b,, d _l&xkoy—byxké RYYTE ky and kJ given

* Of course, the system can be solved for (transformed into) other spaces. However, solving it for d*, p, k* -space

resultsin the simpliest equations of motion.
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A value of A >0 means that both sectors primarily make use of the services of the capital
stock produced in their own sector. If A <0, capital services of sector i will be used primarily
insectorj, i =X, ¥, =Xy, #].

< h, +b, p0
W« tB PG

Observe that stability analysis® shows that two eigenvalues near the steady state, if any, are
lower and one is larger than one in absolute value. Therefore, the dynamic system (2.19) —
(2.21) is unstable (saddle-path stable) and consists of three dimensions and two date vari-

ables, k* and d* (k”). Notice further that the dynamics in prices, (2.21), is due to the no-
arbitrage condition (2.9) which governs the optimal allocation of household’s wealth among
the heterogeneous capital goods. A model with homogeneous capital would not include (2.9).
Henceforth, the dynamics in prices were to disappear.’

A fixed point of this dynamical system, ki, =k* =k*, d}, =d* =d*, p,,=p, = p, defines
a steady state of the two-sector OLG model with heterogeneous capital and consumption

taxation. A notable relation between relative prices and capital intensity can be obtained by
looking at (2.21) at a steady state:

X a X a-1
p(by +b,.p) = (b, +b,p)(1-a)b, (d*)" +(b, +b, p)ab (d*)"". (2.22)
This equation can be explicitly solved for p. However, it is more instructive to take the total
derivative of (2.22) with respect to d*:

ap _a(1-a)(d")"" phy b +b,p ~(b, +b,p)(d’/d" ]
d(@)  bpt(t-a)ap. (o) +abp, ()T
Derivative (2.23) clearly shows that in a steady state the relative y — price decreases with ris-

Pu. = (1-a)by (d, )" +aby (d, ) (2.21)

(2.23)

ing d* if (bXX +b,, p)dX <(bXy +b,, p)dy and increases otherwise. These relationships can be
termed the generalized capital intensity condition of our two-sector GE model with heteroge-
neous capital and optimal sectoral investments. It displays that the relative price of y—output
decreases with rising d* if the x—sector is less capital intensive than the y—sector, i.e. if
less composite capital services per labor isrequired in x— thanin y—sector.

We characterize the steady state relations by compacting the dynamical system into two
equationsin k* and d*. Solving the utility maximization problem (2.14) subject to (2.10) and
taking into account (2.11) - (2.12) yield the optimal wealth accumulation equation (A.3) in
appendix A. This equation at the steady state together with (2.21) results in a locus of
k* —d* —combinations (2.24), for which the wealth of young generations remains stationary.
Thisrelation is depicted as ww-locus in Figure 1.

® The dynamic response of the reference mode to a policy shock is described in section 5. Some agebraic ele-
ments of stability anadysis can be found in appendix A and more numerical details are available from the
authors upon request.

® Compare section 6 of Galor (1992) in which savings are independent of the red return to capital (asin our
model). Galor (1992, 1379-1380) shows in that section that in an OLG model with homogeneous capital there
is only a static relationship among the relative price and the capital intensity on the intertempora equilibrium
path.
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(0/G") A(d*)" - pd*ad”
B

B = (b, + pby)d* =(b,, +pb,,)d’

(2.24) immediately displays that the ww-locus exhibits a pole a& B=0. The ww-locus be-

comes discontinuous at that d* a case we would like to exclude. Therefore, we restrict the
domain on which the ww-locus is defined either to the interval (O,ax) in Figure 1.a or to the

interval (gx,oo) in Figure 1.b.

Since k* is required to be non-negative in steady state, both the numerator and the denu-
merator on the right-hand side of (2.24) have to be either positive or negative. If B <0, then
we encounter typically a ww-locus as in Figure 1.a. Otherwise, the ww-locus in Figure 1.b ap-
plies.

K =

,with A=b,d* -b,d’, (2.24)

k* k*

(dx)* d_x dx gx (dx)* dx
Figure 1.a Figure 1.b

The ww-locus in both figures are drawn for typical numerical parameter values. However, the
positive (negative) slope of the ww-locus in Figure 1.a (Figure 1.b) accords well to economic

intuition. Consider any point on the ww-line in Figure 1.a (Figure 1.b). Let d* rise, holding
for the moment k* unchanged. This means that we leave the ww-locus to the right. To come
back on the locus, k* has to increase (decrease) in Figure 1.a (Figure 1.b). The key to under-
stand the relationship among d* and k* is offered by the equation of wealth accumulation

(A.3) in steady state. If by assumption d* rises and k* remains unchanged, the right hand
side of this equation rises because the wage rate (life time income) increases, while on the left
hand side the relative price unambiguously decreases (increases) if — as in Figure 1.a (Figure

1.b) - B<0 (B>0). The reaction of k¥ in response of the increase of d* depends on the
magnitude and the sign of A. If A=0", k¥ remains approximately unchanged when d* rises

"If A differs much from zero, there are considerable changes of k¥ against rising d* depending on the sign of
A and A. In addition, the relationship among k¥ and k* depends non-linearly on d*. In sum, several coun-
teractive effects make a qualitative explanation of the slope of the ww— line (as in text) impossible. However,
numerical testing of a large set of admissible parameter combinations with A much differing from zero cor-
roborate the qualitative reasoning in the text.
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(see A.2). A =0 furthermore impliesthat k* is positively proportional to k¥ . Thus, before k*
changes the left hand side of the wealth accumulation equation is less (larger) than the right

hand side in Figure 1.a (Figure 1.b). Consequently, k* (and k*) unambiguously had to rise
(decrease) in order to close the negative (positive) gap between the right and the left hand side

of the wealth accumulation equation. Intuitively spoken, if a larger d* is accompanied by a
smaller relative y-price (Figure 1.a), the larger life-time income is invested in more y- and
more x-capital.

The second k* —d* —locus follows directly from the x-sector market clearing condition

(A.6). Theresulting k* —d* —relation (2.26) isreferred to as xx-locus in Figure 1.a and Figure
1.b above.

K =C™* @dey(dx)a +AH1—a)y>< (dx)a . ayxo_(dx)Za—l %

g H (@+h)¢ 9G" (b, +b,p)
with ¢ =1+(1-y*)t*, A=h,d* -b,d’,C =(d*)" -G"(b,d* -b,d”)

In contragt to the ww-line, the slope of the xx-locus does not depend on the capital intensity
condition. In both figures 1.aand 1.b the slope is equally positive. Notice first that the term C

in (2.26) cannot become negative otherwise the maximally attainable k* value would be
negative. Given a non-negative C, the bracketed term in (2.26) must be non-negative. Next,

consider any point on the xx-locus. Let now k* increase and hold d* for the moment con-
stant. By assumption x— investment demand rises. To determine the change of x-employment

and x-supply, we have to distinguish two cases:. A>0 (relevant for d* not too small) and
A<O0 (relevant for small d*).

In the first case | and thus x-supply raise. x—consumption demand remains unchanged
(since d* does not change by assumption). Although both x-supply and x-—investment de-
mand increase. In steady state the increase in supply caused by higher k* is larger than the
enlargement of investment demand, which is identical to k*. As a consequence, aggregate x-

consumption demand has to rise. Therefore d* has to increase because for d* not too small
an increase makes consumption of the younger rise by more than consumption of the older
generation declines.

In the second case, x-supply declines with rising k*. The emerging excess demand for the x-
good can be alleviated only by rising d* now reducing aggregate x-consumption. Aggregate

x-consumption decreases because for low d* arise of d* reduces the consumption of the old
generation more than the consumption of the young generation declines. Thus, in both cases,

increasing k* requires an increase of d* in order to returnto the xx—Iline.

(2.26)

3. An OLG-Mode with Aggregate Capital and Fixed | nvestment
Expenditure Shares

After having presented the reference model we proceed by delineating a two-sector OLG ver-
sion of CGE models with exogenous determination of investment expenditures by sector of
origin. The fixed investment share model represents this predominant type of dynamic, multi-
sector CGE models. In the following the latter will be referred to as FISM. The differences
with respect to the RM are the following:



- investment by sector of origin isnot determined by optimization cal culus but by exogenously
fixed investment shares,

- sectoral investments are aggregated to one capital composite;

- thereisno informational requirement concerning the composition of sectoral capital stocks.

Except for these differences, both models the RM and the FISM are identical.

3.1 Investment Aggregation and M odel Closure

As the FISM considers one capital aggregate, sector-specific capital stocks do not represent
objects of choice for the young generation. As a consequence, the no-arbitrage conditions
(2.7) can no longer be applied. Although aggregate savings are derived by intertemporal opti-
mization calculus, investment by sector of origin cannot be determined by the household op-
timization alone. Fixed investment shares determine investment expenditures by sector of ori-
gin, which can be seen in most dynamic, multi-sector CGE models. In the FISM these coeffi-
cients represent exogenously fixed shares n',(i = x,y) of aggregate savings. Consequently,
capital in this framework can be thought of as a value capital aggregate. Farmer and Stein-
inger (1999, 320) describe this framework in more detail.® In the same way as in the RM,
capital is measured in units of the x-product. Accordingly, investment by sector of origin is
determined in the following way:

X

X X X X I X n X
R =n LV, ="K,y Or aL =N"G'ky, 07 <1 (3.1)

y
RI1Y =nLv, =n"K,., or —“t =n'G"k,, n* " =1. (32)
o

As in RM, capital services are assumed to be fully mobile across sectors. However, there is
the significant difference that capital supply in (3.3) does not represent a usual market supply
variable that is physically identifiable, but it represents the real value of a fixed-coefficient
commodity composite. This is clearly only an approximation to the exact but much more in-
formation demanding RM-specification of capital services markets.

D +DY =1L or 47l +dly =k (33)
t-1
As a consequence, there is only one capital rental: g’ =g =q,. This aso implies that the no-
arbitrage conditions (2.7) reduce to one single condition:
g =1+i,. (3.9

While in the RM the no-arbitrage conditions determine the allocation of savings to sectoral
investments, it is the fixed investment shares in the FISM that direct savings to the different
sectors. Since investment demand by sector of origin is not derived by household optimiza-
tion, condition (3.4) cannot be interpreted as usual no-arbitrage condition. It rather represents
a closure condition in Sen's (1963) sense. The exogenous investment shares also provide the
missing-data-link as discussed in section two. Whenever there are no reliable data on the

8 In some CGE applications as, e.g., Ballard (1989) investment shares are modeled as fixed, physical shares. In
other applications as, e.g., Farmer and Seininger (1999) or Wendner (2000) these shares are considered as
fixed nominal shares. Though, given the question looked at in this paper, this distinction does not lead to a dif-
ference in the conclusions drawn from the paper. Furthermore, nomina shares make the FISM more similar to
the RM, which implicitly determines physical shares according to relative prices. The FISM also adapts physi-
cal shares according to relative prices, but rather in a framework with fixed nominal shares than in one with
fixed physical shares.

10



composition of sectoral capital stocks, fixed investment shares allow for the determination of
one composite capital stock.

3.2 Equilibrium Dynamics and Characterization of the Steady State

The dynamic system of the FISM can be characterized by one equation of motion in d*. Its
derivation is shown in appendix B, which is available from the authors upon request.

ayxo.dy x \1 x \¢ Dyx XD X aDayX x \¢ O [ V)D XD
= () (&) —opi—+nad =0 “H(&) +d-q 27 m'nd’ (85

o (G) (&) ogpeniat =g B&) By pp g
Stability analysis shows that the FISM is asymptotically stable in a neighborhood of a steady
state. Equation (3.6) implicitly defines the steady state of the model.

X X x Y ~n 0 ¢ X ny x 2@ nD X VXD X
d*(¢ —ay*)+(d*) G'd'-=+¢n* +—-(d*) G'on’¢ +_g tay’d’ =0 (3.6)
(6 -ay)+(e) "' -0 sHd) e v
Similar to the RM, the steady state (3.6) can be characterized by the ww-locus and the xx-
locus, in d* —n*k -space.’ The ww-locus follows from wealth accumulation: G"k = (d*)°. In

order to make this locus comparable with the ww-locus in the RM, it is formulated in the fol-
lowing way.

n*k =’%:(dx)a (3.7)

The xx-locus follows from x-market clearing plus optimum household decisions.
R K8 X)a_(l—rnx)yx(dx)“ _ayxa(d:)
) G'+ P (c")'¢

Similar to the RM, the wwsteady state line is always monotonically increasing. A higher d”*
increases lifetime income and hence savings, which fosters capital accumulation. As a conse-

quence, alarger d* isassociated with alarger k. So also n*k increases.

The xx-line considers x-market clearing. The slope of the xx -line is monotonically increas-
ing. In order to see this, consider an increase in k for any given d*. The increase in k raises |
and thus x-supply for sure, while it reduces 1” and therefore y-supply. For given d*, al con-
sumption quantities remain unchanged. However investment demand in both sectors increases
due to the raise of k. So y-demand grows and establishes excess demand in the y-sector. In or-
der to resolve the disequilibrium, y-production must be increased. This is achieved by in-
creasing |” (i.e. by decreasing 1*). Since | =(k —=d”)/(d* —=d”), y-supply rises with higher
d*. Asareault, ahigher k is associated with a higher d*, which explains the slope of the xx -
locus.

Notice the perfect identity of RM and FISM steady lines under the following conditions:
b, +b,p=1=hb, +b,p,n* =A/(d* -d”) =b,,, A=0. Both models are algebraically identi-
cal if these conditions hold.

2a-1

G"(d*-d 59

® Clearly not both of the two variables are dynamic variables. Though for reason of comparability with RM, we
characterize the steady state by the ww- and xx-loci in d* —n*k -space.
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Figure 2

4. Differential Policy: Impact on the Steady State

Both preceding sections were devoted to the presentation of two aternative models, the FISM
and the RM. In this and the following sections both models are employed to assess the effects
of a simple type of differential policy on the economy. Consumption of the x commodity is
taxed by a uniform and constant tax rate. The revenues are rebated to each generation in pro-
portion to their tax payments (intertemporal income compensation). So the present value of
each generations' tax payments equals their respective present value of transfers. Moreover,
the government runs a balanced budget each period.'® The impact of this policy on the steady
state in each of the models is discussed and compared by means of analytical, graphical and
numerical analysis in this section. The analysis shows that both models predict the same
qualitative impact of differential policy on all economic variablesin steady state.

4.1 Differential Policy in the FISM

The most direct approach for understanding the steady state impact of differential policy on
the economy is provided by Figure 2 above. Once we know how the policy shifts the steady
state lines we can infer its impact on the dynamic variable d*. Thisin turn allows us to assess
the effects of the policy on the remaining variables of the model.

A rise of the tax rate on x-consumption does not directly affect savings and thus the ww-line
because of intertemporal income compensation. This is also shown by equation (3.7), where
the tax term does not enter directly.

However optimal consumption decisions are influenced. Therefore, a rise of the tax rate on
x-consumption makes the xx-line shift. The analytics of (3.8) shows whether the xx-line is
shifted up or down as a consequence of the implementation of the tax program.

ok 1 (-y)ya-a)ac(ap(ar) vae)
ot (1+B)G" ((dx)“ _(dx _dy)nxGn)¢z

Equation (4.1) indicates the vertical shift of the xx-locus as a consequence of the differential
tax. Since a <1,y* <1 the numerator is lower than zero in any case. The sign of the denomi-
nator depends on the respective capital intensities. If the y-sector is more capital intensive than

(4.1)

% The objective of this specific policy program is to get rid of the income effect. The demand corresponds to
Slutsky compensated demand and shows the substitution effect of the tax program only. We also analyzed an-
other tax program, which did not eliminate income effects in a former version. The results were quite similar,
however much more difficult to interpret.
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the x-sector, i.e. (d*—d”) <0, then the denominator is larger than zero. Consequently, the xx-
locus shifts up as a result of taxation. Since the policy steady state is positioned on the kk-
locus, both k and d* are reduced by the tax program.

This result is easily explained economically. For given d* and k the tax program reduces
both ¢ and ¢ in steady state and leaves x- and y-investment unaltered. At the same time,

both optimal ¢ and ¢ are higher. Thus, at given d* and k there is excess supply in the x-

goods market and excess demand in the y-goods markets. In order to remove the disequilib-
rium, the relative price must increase. The relative price simply is

p=h@-a)(d*)? +ba(d*)**. So dp/ad*=(1-a)a(d)""b,F-d”/d"g. Therefore

dp/ad* >0 requires d* to decrease if (d*-d”)<0. A decrease in d* both increases the
relative price and y-supply and thus reestablishes general equilibrium.

If (d*-d”) >0, the numerator is till lower than zero. However the denominator is lower
than zero if (d*)* > (d* —d”)n*G". The latter restriction always holds in a neighborhood of a
steady state™ Thus, if (d*-d¥) >0 a margina tax increase shifts the xx-line downward.
Henceforth, k and d* rise as aresult of the tax program.

The economics behind this result resembles the argument presented before. If the x-sector is
more capital intensive than the y-sector, then the relative price only rises if d* increases be-
cause (1-d”/d*)>0.

The capital intensity condition determines the impact of the tax program on d*. The impact
of the tax program on the rest of the economy is straightforward. If (d*-d”) <0 then d* de-
clines and the wage rate also drops. Old age x-consumption raises because of the higher rate
of interest. The labor share |* is positively correlated with d*, so 1* drops while 1” in-
creases. When |7 raises, y production and its relative price increase. If the relative price in-
creases, ¢/ declines due to lower lifetime income and higher prices and ¢ raises due to the

higher rate of interest. If (d*—d”) >0 then the impact on the supply side of the economy is
the same as before because with (d* —d?”) >0 the labor share |* is negatively correlated with
d”.

4.2 Differential Policy in the RM

The results presented above characterize the policy response according to predominant dy-
namic, multi-sector CGE models with policy-invariant investment shares. Now the question is
addressed whether the same policy response is predicted by the RM. Notice that sectoral in-
vestment decisions are fully micro-founded (optimal) in the latter model.

Similarly as in FISM, the most direct approach for understanding the steady state impact of
differential policy on the economy in RM is provided by Figures 1.a and 1.b above. Again,
once we know how the policy shifts the steady state lines we can infer its impact on the dy-

namic variable d*. This in turn allows us to assess the effects of the policy on the remaining
variables of the model.

" This can best be seen when inserting (d* —d*)n*G" for (d*)? in the steady state equation (3.6). The result-
ing expression is —Bd*d*G" —(d* —=d¥)o[d*G"y* + B*(d*(G" —-y*) +a(d* —-d¥)(y*)*)], which is lower
than zero. Consequently, since (3.6) isequal to zero, (d*)® > (d* —d”)n*G".
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A rise of the tax rate on x-consumption does not directly affect savings and thus the ww-line
because of intertemporal income compensation. This is also shown by equation (2.24), where
the tax term does not enter directly.

However optimal consumption decisions are influenced. Therefore, a rise of the tax rate on
x-consumption makes the xx-line shift. The algebra of (2.25) allows to identify the cases when
the xx-line is shifted as a consequence of the implementation of the tax program.

X <\ X 2a-1
oK, _ Ay (1-y)Hr-a)(a%) . ao (d*)" " &
x |xx = 2 n
ot Cp> O 1+ G" (b, +by, p)E

(4.2)

Equation (4.2) indicates the vertical shift of the xx-locus (for fixed d*) as a consequence of
the differential tax. The sign of the partial differential depends onthe sign of A. If A ispos-
tive (relevant for d* not too small), i. e. the x-sector is more x-capital intensive than the y-
sector, then the differential is less than zero. Consequently, the xx-locus shifts down as a result
of taxation. On the other hand, if A<O0 (relevant for smal steady-state d*), the xx-locus
shifts up. Whether A is positive or negative in the steady state solution, depends, in general,
on all model parameters. However, numerical experimentation with admissible parameter sets
have shown that the value of x-consumption share, y*, is most decisive for the sign of A.
y* <.5 regularly imply steady-state d* such that A<0, y*=>.5 aways generates steady
stateswith A>0.

In both Figures 1.aand 1.b, the xx-line shifts down in case of A>0. Since the policy steady
state is positioned on the ww-locus, in Fig. 1.a (B <0) with the positively sloped ww-locus
both k* and d* are reduced by the tax program, while in Fig. 1.a (B >0) with the negatively
sloped ww-locus, k* decreases'?, while d* increases as a consequence of x-consumption
taxation.

The geometry of the steady-state effects of differential policy can be supplemented by the
following analysis of steady-state general equilibrium policy effects. To do this, we totaly

differentiate the ww- and the xx-lines (2.24) and (2.25). The total differential of the ww-locus
takes the following form:

dk* - dkx)|wwd(dx):0. (4.3)

d(d*
In (4.3) dk* / d (dx)| W denotes the slope of the ww-locus around a steady-state solution. The
total differential of the xx-line at a steady state reads as follows:

dk* _ ok*

)|Xxd(dX)_W|xxth. (4.9)

de -y (o

Here dkx/d (dx)|XX denotes the slope of the xx-locus. By means of Cramer’s rule (4.3) and
(4.4) can be solved simultaneously for dk*/dt* and d(d*)/dt*.

2 As Figure 1.b indicates, the negative reaction of x-capital on taxation of x-consumption may be very weak. For
large d* it may be positive, indeed.
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dk* Lw|
ded(d*)™ e ™

= (4.5)
a*  dk* e dk* |
d(d*)"™ d(a*)"™
ok*
d(d) _ a0 b “s)
dt* dk” dk*

d(dx)|ww_d(dx) &

For a steady-state solution as in Figure 1.a (Figure 1.b), the denominators in (4.5) and (4.6)
are unambiguously positive (negative). Since the numerator in (4.6) is negative (for A>0),
the sign of the total differential in (4.6) depends on the sign of the denominator. In (4.5) the
sign of the numerator depends on the sign of the slope of the ww-locus: in Figure 1.a this is
positive, in Figure 1.b it is negative. Thus, since an equivalent consideration is true for the de-
numerator in (4.5), atax increase always reduces k*, provided A>0.

Finally, to provide economic intuition for these steady-state policy effects, hold for the mo-
ment d* and k* fixed on their pre-shock values. The tax program reduces both ¢ and ¢; in
steady state and leaves (by assumption) x- and y-investment unaltered. At the same time, both
optimal ¢/ and ¢ go up. Thus, a given d* and k* (k”) there is excess supply in the x-
goods market and excess demand in the y-good market. In order to remove the disequilibrium,
the relative y-price must increase. As known from (2.23), the relative price in steady state de-
pends negatively (positively) on d* when B<0 (B>0).Therefore, in the first case (= the
situation in Figure 1.a), the higher relative price must be accompanied by a lower d*. In the

second case (= the situation in Figure 1.b), the higher relative price requires a higher d*. The
generalized capital intensity condition determines the general equilibrium impact of the tax
programon d* unequivocally.

So, the first major result of the analysis runs as follows. Both models, the RM and the FISM,
predict the same qualitative steady state effects of differential policy for all economic vari-
ables.

5. The Transitional Impact of Differential Palicy

The comparison of steady state effects so far did not reveal significant differences in policy
effects between both model types. However, the steady state analysis captures solely long-run
tendencies and has nothing to say on the transition from one steady state to another. The tran-
sition is depicted by the intertemporal equilibrium dynamics of both the RM and the FISM.
Thus, before enunciating a final statement on the capability of the FISM to approximate RM,
an investigation of the respective equilibrium dynamics is necessary. As we shall see, the het-
erogeneity of capital in the RM implies differences in the stability properties of the dynamical
systems of the RM and the FISM. These differences necessitate different transition paths of
major economic variables.

In particular, in RM the transition from one steady state to another occurs on a two-

dimensional manifold (saddle-path) in (dtx,ktx, g)-space. As response to the tax program the
relative y-price has to jump on the stable arm of the dynamical system in the period of imple-

mentation of the tax program. However, both capital stocks and (by means of factor market
clearing conditions) the allocation of capital services across the two sectors are fixed in the
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period of policy implementation. So, the sudden change in the relative price represents the
only possibility to respond to the policy shock directly in RM. This is a consequence of capi-
tal heterogeneity. In contrast to the response shown by the RM, the FISM reacts by adapting
the allocation of capital services across sectors even in the period of policy implementation.
Therefore, the initial policy responses are seen to be more moderate compared with those in
the RM.

In the following section the transitional dynamics of both models is discussed and compared
in some detail.

5.1 Transitional Dynamics of Differential Policy in the FISM

There is one equation of motion and one state variable, k, in the FISM. The latter is fixed in
the period of the implementation of the tax program. However, capital services d* and prices
are free to vary. In the period of the introduction of the tax program demand for y-goods in-
creases and demand for x-goods diminishes, while production capabilities remain the same.
So the relative price must rise. If (d*—d”) <0, d* must decline, otherwise d* must rise in
the first policy period.

The eguation of motion (3.5) shows that the transition path of d* (and henceforth the tran-
sition paths of all variables of FISM) follow a monotonous pattern:

ddtﬁl_ G@ny(dy—dx)+¢dXH

dd’ ay*d’ +G" (yX/ [3+nx¢)(dx)2_a

Since ay” < ¢, thisterm never changes sign as d* rises. So d* aways follows a monotonous

transition path. For that reason all other variables of FISM also adapt monotonically to the
policy shock.

In a neighborhood of a steady state, the dynamical system is asymptotically stable. So it
holds that

| afy(¢-d)reag |
‘oryxdy +G“(V/ [3+nx¢)(dx)2_a

<1.

These arguments fully explain the dynamic behavior of FISM. If (d*-d”) <0 then d* also
declines and so does the wage; the rate of interest rises. This response goes the other way
round if the x-sector is more capital intensive than the y-sector. As a consequence, |* and x°
decline, while y® rises.

Observe two important points. First, the relative price is only intratemporally adapting to
excess supply. This is a consequence of the homogeneity of capital. Second, the investment
share n* is exogenously fixed. Since this type of policy does not affect total savings, the in-

vestment shares also fix sectoral investment demands by origin. Both characteristics temper
the policy response.

5.2 Transitional Dynamics of Differential Policy in the RM

In contragt to FISM, there are three equations of motion and two state variables in RM. By the
heterogeneity of capital, the capital stocks - augmented by investments differentiated by sector
of origin - are the natural candidates for the state variables. Furthermore, in RM holds the no-
arbitrage condition between the rates of return on capital goods per sector of origin. Outside
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of a steady state, the no-arbitrage condition implies a non-trivial dynamics of relative price in
RM. As already mentioned and known from the literature on descriptive growth models with
heterogeneous capital of the sixties, the three-dimensional equilibrium dynamics is expected
to loose the property of (local) asymptotic stability. Saddle-path ("knife-edge") stability is the
best we can expect.

This saddle-path property of the RM requires the relative price to jump on a “new” saddle
path in response to the tax program. In RM both capital stocks are fixed in the period of policy
implementation (i.e. determined by investment decisions taken a period before), and so is the

allocation of capital services across the two sectors. With d; (t =0 is the period of policy

implementation) fixed on its pre-shock value (see 2.19), the relative y-price in period zero
must be free to jump on the stable arm of the dynamic system in RM.

To see the reason for this qualitative indeterminacy, an inspection of the formal structure of
the saddle-path dynamics is useful. By means of the eigenvalues and eigenvectors to the Jaco-
bian, the RM dynamics around a steady state can be linearly approximated as follows:

K =k +k, (A,) +k,(A,) .t =0,1,2,... (5.3.2)

d*=d*+kpi(A,) k¥ IQ,) =012, (5.3.2)

p=p+kyl(A,) ¥y 2(,) t=012,.., (5.3.3)

where (J,vid ,vip)', i = 2,3 represents the transpose of the normalized eigenvectors associated

with the stable (less than unity) eigenvalues A, and A;. The constants k; (j =1,2) are deter-
mined as follows:

_vs(-k)-(dg—d) _(dg —d") vi (k5 )

54
V:? _Vg Vs 7V, ( )

Ky

The formal structure of the saddle-path in (dtx, K, g)-space becomes more obvious by cal-

culating k. (A,) and k,(A,) , respectively, from (5.3.1) and (5.3.2) and inserting the result
into (5.3.3):

p = p+ o (K —k*) +p° (d —d*) with

VRS VIVE L vEvE (53
p = d _,,d P = d _,,d
V3 VZ V3 VZ

Two remarks on (5.5) are in order. First, since in the neighborhood of a given steady state
p,k*,d*, p*and p® are congtants, the saddle-path represents a linear relationship in

(dtx,ktx, g)-space. Second, an unannounced differential tax shock in period zero changes

p,k* andd* but does not change p“ and p°. As a consequence, knowledge of both the

steady State response of p,k* and d* against atax increase and of the sign of p* and p¢ is
needed to predict the qualitative nature of the price jump in period 0. However, while we have
much unambiguous knowledge of the qualitative steady state response of p,k* andd”™, it is

not possible to determine algebraically the sign of p* and p®. We only know for sure that a

taxation of x-consumption - irrespective of the relation between sectoral capital intensities -
makes the relative y-price increase in new steady state. Thus, from (5.5) we are able to infer
an upward (downward) jump of relative y-price in the period of policy implementation if
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P (kg —kx)+;od (dg —dx) does not decrease more (less) than p rises for period O. If both

p“ and p° were non-negative and the y-sector is more composite-capital intensive than the x-
sector, an upward price jump certainly occurs. If the (new steady state) capital intensity rela-
tion isreversed and p* and p° remain non-negative, a downward price jump becomes more
likely.

Ecgnomic intuition corroborates these analytical considerations. As explained above, the
introduction of a tax on x-consumption cannot dter d, . Consequently, the x-consumption of
the younger household in period O decreases for sure while the response of y-consumption of
the young household and x- and y-consumption of the older household also depend on the

relative price jJump. Let us assume for the moment that there were no change of the relative
price in period 0. Then, remembering the equation of wealth accumulation for period 0, by

(provisionally) given p,, k' and k) cannot change. Under this proviso, the tax shock pro-
duces excess supply on x-market and excess demand on y-market because the x-consumption

of the younger and the older household decrease and their y-consumption rise in response to
the tax increase, while both x- and y-supply remain unchanged. The market imbalances must

be alleviated by the alleged jump of p, and associated changes of k' and k. Even if by con-
struction an upward price jJump seems to be unavoidable, this is not necessarily the case. The
reason is that the sudden price change of p, and the changes of k', k) and d,* occur simulta-
neously. Without knowledge of the signs of the constants and eigenvectors in (5.3.1) and
(5.3.2), we are unable to say more about the qualitative nature of the price jump.

The numerical calculation of the transition paths for more than 25 sets of admissible pa-

rameter combinations in RM - which in addition lead to equivalent base case steady state so-
lutions in FISM - show that in more than two thirds of the whole set of parameter combina-

tions the initial price jumps upwards. Even then the response of k', k’ and d is mixed.
While typically the initial price increase is accompanied by decreasing k and d,' and in-
creasing k', aso other patterns of k‘,k’ and d;' responses may be observed. When the initial
relative price shifts down in response to differential taxation, typically k' and d, increase

while kY decrease.”® Even here we encountered rare exceptions from this rule.

In comparison to FISM, the initial responses of main dynamic variables in RM to the tax
shock are - not surprisingly - much more diverse and much less clear-cut. While in FISM the
initial response of d*, p and k can be unequivocally predicted from the knowledge of the
capital intensity relation in (new) steady state, nothing similar is true in RM. The asymptotic
instability of the dynamic system in RM and three instead of one dynamic variables preclude a
gualitatively unambiguous prediction of the initial response of the dynamic variables to a dif-
ferential tax shock.

However, there are not only significant differences in the initial policy responses to a tax
shock among FISM and RM, but also in the subsequent transition of main dynamic variables
along the transition path. Mogt significantly, in most cases there is no monotonous adjustment
of main dynamic variables to the policy shock in RM. Intuitively this has to do with the dif-
ferences of initial responses to tax policy in the two models. While in FISM by the homoge-

'3 A tax shock may result in Aq* >AqY /p, < ap, =(b,/b,)-p.,. The no-arbitrage condition (2.9) re-
quires both prices to decline, which lessens the left hand side and adds to the right hand side. Since consump-
tion shifts to the y-sector as a result of taxation, the relative price can only decline when x-investment grows
and y-investment diminishes.
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neity of capital d; is able to respond to the policy shock, d; in RM is locked in by the re-
guirement to clear the services markets of both (historically given) heterogeneous capital

X

stocks. Furthermore, while in FISM p, is statically connected to d, in RM p, is a self-

contained dynamic variable; the initial value of which has also to satisfy the intertemporal no-
arbitrage condition. Its forward-looking character implies that the current relative price in RM
is determined by expected relative prices in the future. So the relative price in RM is by its
nature much more volatile than the price in FISM. Thus, in many cases the relative price ad-
justs from below to the new steady state level in FISM, while adjustment takes place from

above to the new steady state level in RM. In addition rigidity of d; in RM lays more burden
to clear the goods markets on p, than in FISM. So, it comes as no surprise, that in RM d/*

and associated variables like k™ and k” regularly “overshoot” their new long-run equilibrium
levels, a phenomenon we never encounter in FISM.

6. Conclusions

The steady state effects of a differential policy can be seen to be similar under both frame-
works - a model with optimal investment by sector of origin (RM) and a model with exoge-
nously fixed investment shares (FISM). Aggregate savings decline, production, investment,
the labor share and consumption drop in the x-sector and output, the labor share and invest-
ment rise in the y-sector. Both models come to the same set of conclusions concerning the
comparative-dynamics of the sectoral impact of differential policy (qualitatively and to alarge
extent also quantitatively). However, there are three inferences concerning the transitional dy-
namics in which they essentially differ. All the three of them are closely related to the hetero-
geneity of capital in RM.

First, capital heterogeneity adds significantly to the complexity of the equilibrium dynamics,
which is characterized by saddle path stability in RM and by asymptotic stability in FISM. As
one conseguence, in RM the dynamics of d;* and of closely associated variables overshoot the

new steady state values, a phenomenon that never occursin FISM type of models.

Second, as both capital stocks in RM are historically given in the period of policy imple-
mentation, there is a high burden on the relative price to adjust such that all markets clear.
Transitional price reactions are more moderate in FISM where even in the first period — in
contrast to RM — the sectoral allocation of capital servicesis freeto vary.

Third, capital heterogeneity requires no arbitrage conditions to hold. These make the relative
price a dynamic variable. So the predictions of RM and FISM of the initial response of the
relative price to the tax policy may well be qualitatively different.

Should the FISM-type of CGE models be judged, then the following statement is in order.
The FISM-type of model very closely brings forth the same policy conclusions as the RM
with regard to the long run effects of differential policy. However transition paths of major
economic variables in FISM-type of models do not follow the logic of fully microfounded
(optimal) decisions as shown by the RM.
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