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NUMERICAL METHODS FOR INVESTMENT MODELS WITH FPORESIGHT
by

Peter J. Wilcoxen

1. Introduction

Economic models of foresight typically require the solution to an
intertemporal maximization problem. Finding the first-order conditions is
usually straightforward, but it is often impossible to find an explicit
expression for the optimal path these conditions describe. Fortunately, such
equations can be solved using numerical analysis, although economic problems
possess a number of properties which make this difficult. This paper discusses
some of these characteristics and presents a versatile method for finding a
numerical solution to the first-order conditioms. It will be shown that the
technique, known as finite differences, is easy to apply and provides accurate

results at low cost.

To illustrate the use of numerical analysis, a typical foresight model will
be developed in detail. The economic features of this particular model are
discussed in more detail elsewhere (Wilcoxen (1985), hereafter referred to as
the deseriptive paper); attention here will be limited to the aspects of the
problem which are important for numerical analysis. This sample problem is the
firm's cholce of investment to maximize its emnxmn«qmusw. but the techniques
used are applicable to any foresight model which generates first-order

conditions of similar structure.

1.1 Kotational Conventions

The only unusual notation used here is that the derivative of a variable
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where a and b are small positive increments in time. Unfortunately, accuracy

&

of these formulae is diminished at points where there are sharp changes id step
slze; to 1llustrate this, consider the Taylor expansion of the first-crder
difference above:

f(t+a) ~ £(t~b) = .
( £(e) + af”(t) + aZE77(e)/21 + a3£777(t)/3! + o(a%) ) -
C £(e) = bE7(E) + B2E77(e)/21 - BIE7 1 (6)/31 + O(bY) )

s0 cancelling terms and dividing by a+b gives the difference formula:

f(t+a) - £(t-b) ad+p3
= £7(t) + (a=b)E” (t)/2! + (
a+tb atb

JEST (e /38 + ..,

Thus grid nonuniformity introduces an additional source of truncation error
into the solution through terms in (a-b). This effect can be minimized by
avoiding sharp jumps in grid spacing, and by locating any such changes in
reglons where £77 is small. Further, by comstructing more elaborate difference
formulae, the term in (a~b) can be mwwaﬁnwnma entirely. For additional

discussion of difference formulae in general, consult Fox (1962).

—3

investment, so the firm faces diminishing returns when adding new capital

(refer to the descriptive paper for further details).

Inserting these functions into the general first-order conditions gives the

following:

A= mxﬁi+~ﬁv3émv2émv ,

A = ek - g(-1Y) -

K" =TI ~-6K .

These equations may be rewritten as a single second-order equation im capital,

as shown below:

1 B
K™ + K7(g-r) + 8K(g-r-8) = —((14y)(r+d-g) - =),
20 P (1-T%)
Kk
where
% g4
g == - —
1-r°  1-1d

ﬁvm,mmnonatonmmn equation describes a two-—parameter family of optimal paths of
the capital stock; a complete solution requires that these parameters, which
arise as constants of integration, be specified. In an "initial value” problem
the constants will be chosen to make the system meet conditions which apply to

the initial point; for example:
K(0) = Ko ,
K°(0) = Ko~ ,
where Ko and Ko” are particular values of the initial capital stock and its

derivative. The second-order equation and the initial conditions together

describe the optimal path of the capital stock.
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7. Conclusion

Solving most economic models of foresight will produce a system of'
differential equations and a set of boundary conditions which together provide
2 complete, although implicit, description of the optimum. Finding an explicit
expression for the solution will be complicated by the inherent difficulty of
solving systems of differential equations, and by the form of the usual
boundary conditions. In fact, it will be impossible to solve most models

analytically and numerical methods will have to be used.

The results presented here indicate that techniques are available which
produce accurate results with a minimum amount of problem preparation and at
minimum computational cost. The finite difference method in particular is well
suited to economic problems because of its numerical stability. Furthermore,
it is highly compatible with the solution algorithms used for most general
equilibrium models. Unfortunately, since an n-period foresight model requires
adding n equations to the model, it may be impossible to model each sector's
investment independently in a highly disaggregated model, but overall the
analysis indicates that no substantial difficulty exists which would prevent

construction of general equilibrium models which have some degree of foresight.

mw = onxmAAn+avnv + ommxcnlwnv N

and one “particular” solution can be found by setting K°* = K = 0 in the
second~order equation to get:

1 8
K =5 —
P 260 w&?&xwémv

- () ),

which is also the steady state capital stock. The general solution is,

therefore:

R(t) = Clexp((x+8)t) + Clexp(-6t) + K°% | (2.1)

where the constants are to be chosen to satisfy the boundary conditions.

Imposing those conditions pives two simultaneous equatioms for C! and C2:

K(0) = Ko = C* + ¢% + &%,
lim K(t) = K°° = 1im Clexp((r+6)t) + lim cPexp(-5t) + K°° .
Lo e L

The second condition will only be satisfied when C}=0, so the first equation

requires that C2=Kko-k°%. ‘The complete solution is thus:
K(e) = K°° - (K*°-Ro)exp(-8t) .

Unfortunately, it is impossible to find an analytic solution to the general
problem where the tax and subsidy are functions of time. It is possible,
however, to solve the model numerically, and several of the available methods

are discussed in the following section.
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6. Linearity

Linearity of a foresight model is important in two distinct senses and it
is worthwhile to discuss both briefly in the context of the constant returns
model. ¥First, in the terminology of differential equations, the model is said

to be linear because it can be written in the form shown below:
a()K™ + b()X” + c(t)K = d(t) .

In contrast, a model of the form:
a(t)K”” + b(L)K” + c(L)K? = d(t) ,

is not linear. As noted above, linearity of the original model (in the
differential equations sense) means that the finite difference form will be a
system of linear equations which can be solved by simple elimination. If the
model is nonlinear, however, the system must linearized or solved using an
iterative procedure such as Zmanoz.m Method. Techoiques for anonlinear
equations are considerably more cumbersome (and expensive) than elimination, so
in many cases 1t will be worthwhile to linearize the model, even at the cost of

introducing a further source of truncation error.

The second sense in which the model may be linear is that the coefficients,
for example d(t), may be linear functions of model variables such as the price
of capital. 1In general, foresight models will not be linear in this sense; the
coefficients will be nonlinear functions of variables exogenous to the firm's
investment decision. In a partial equilibrium analysis, however, the time path
of each exogenous variable will be known prior to computing the solution to the
firm's problem, so nonlinearity of the coefficient functions is unimportant;

each coefficient can be evaluated at each grid point by direct computation.

-

M(Ko*) = M(Ko”) + H"(Ko”)(Ko"-Ko”) ,
which, setting M(Ko”) to zero since Ko” is a' solution, can be written as:

. M(Ko")
Ko’ = Ko~ = — .
M {¥o")

This can be used to update the guess of Ko”. The derivative of the miss
distance with respect to the initial condition is typically found by numerical

differentiation.

3.1.1 Numerical Instability

Unfortunately, in economic applications the simple shooting algorithm
frequently fails to converge. This is partly because Newton's Method is a
local approximation and converges only when the iaitial guess is sufficiently
close to the true solution. A more ilmportant difficulty, however, is that
econonlce problems are often very semsitive to the value of the missing initial
condition because of the presence of exponential growth terms in the solution.
This problem can be illustrated by considering how the analytic sclution to the
constant returns model from section 2 responds to small perturbations of the

boundary conditions.

The general solution to the model when all taxes are expected to be

constant in the future was given in equation (2.1), repeated below:

2

K(t) = Clexp((r+d)t) + Clexp(-6t) + K°5 .

In the two-point form of the problem, the transversality condition requires
that nwno. which implies that a~uwoummmu shooting is, in essence, a method of

finding an initial value problem which generates an equivalent solution. In
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Figure 5.4.1.1: The Effect of p in a Logistic Function Dividend Tax

Shown are trajectories of the capital stock under various
values of p.

3.2 Multiple Shooting

z:wnwmwm Shooting is a refinement of simple shooting that helps to contrel
the explosive tendency of numerically unstable models. Basically, the full
periocd of the problem is divided into a number of sublntervals and the model is
shot over each. This means that rather than searching for a single missing
initial condition, the algorithm must find a vector of conditions spread out
across the shooting points. Updating the guess vector becomes considerably
more complicated, but breaking the problem into subintervals provides a great

deal of control over unstable problems.

As a simple example of how multiple shooting is used, consider solving the
model above over two adjoining intervals: ﬁacaﬁwu.mawnﬁwu. The capital stock
at T is known to be Ko, and its value at T2 is required to be ¥?; the value of
Ko~ 1s unknown. To use multiple shooting, a guess vector of No\. ! and ¥ is
generated and the model integrated over each subinterval. Denoting the mcmmmmw
by vector K = Amo\«MW“WP\v. the following set of miss distances can be
computed:

M= ¥ - (1,1t ko, %07)

M2 = Fr - (10,1 Ko, Ro")

M3 = K2 - o(Th,T5,FLLE) .
Expanding each about m for a trial solution vector K = Awo\uww.mva gilves, in
matrix notation, the following system:

- ~ oM A
M(K) = M(K) + 55 1o (X-K) .
Since K is a solution, M(K)=0 and the equation can be rearranged to obtain the

updating formula below:
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The source of this curious result is relationship between grid spacing ahd
the value of p. Notice that finding the solution will require, in essence,
integrating the approximated differentials. When p is small, the solution
becomes inaccurate because the tax change 1is spread out over a long period of
time. As p is increased, the solution improves because the approximation to a
true step function 1s improving. After a point, however, the entire transition
of the step occurs between t-h and t+h. Further increases in p will raise the
derivative of the tax at v and decrease the transition time even more.
Integration, however, is limited by the grid spacing, so the integral will
behave as though the derivative at 1 prevailed for all of [t~h,t+h]. Thus if o
1s Increased beyond the point at which the jump takes only 2h, the solution
will be degraded. Grid spacing, therefore, places an upper bound on the

steepness of continuous approximations to discontinuous functions.

A simpler and more reliable technlque for handling derivatives is to

replace them with their finite difference equivalents; the dividend tax, for
example, becomes:
ey - 14 (e-h)

au\?v 2 .
Zh

This has the desirable property that the sharpness of the change increases with
grid density; also, the solutlion will not be degraded by having an excessive
value of g on sparse grids. This approximation must be used with care,
however, as it tends to smooth out the solution; the computed derivative of a
function which jumps once at v will be non~zero not only at 7, but also at 1-h
since the difference formula uses adjacent polnts. This is the method used in
all simulations previously discussed, so it is clear that if the grid is chosen
properly, this approximation is very useful: smoothing of the solution is

limited.

~11~

techniques, so it is particularly useful for economic problems. Finally, the
uge of finite differences requires only a single solution to a system of
equations which, for many models, will be linear or easlily linearized. The
wain cost of all these advantages is the additional effort required to put the
model in finite difference form. This technique will be discussed in detail in

the following sections.

4. The Finite Difference Method

The use of finite differences is straightforward and can be divided into
the following steps. TFirst, a finite difference approximation is selected for
each differential in the model. Second, the model is reformulated by replacing
all differentials with their approximations. This produces an equation which
represents the original model at a specific point in time. The full model will
require a system of such equations, each holding at a different time, so the
third step in using finite differences is to select a vector of times (referred
to as a "net” or "grid" of points), at which the model will be approximated.
Fourth, the boundary conditions are applied by setting particular variables
appropriately. Finally, the system of equations, now devold of differentials,
is solved. 1If the original model was linear, the resulting system of equations
will also be linear and the solution can be found easily using any of a number
of available techniques. If it was nonlinear, the finite difference system
will also be nonlinear and may be solved by Newton's Method, or it may be
linearized and solved directly. In the current section linear models will be

considered; souwwummnwnm will be discussed in section 6.

4.1 Difference Formulae

Selecting the difference formulae to be used 1s of some importance to the

success of the method and requires a compromise between ease of model
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will not preclude finding the problem's first-order conditions. Optimal
control requires that the function f£(I,K)=I-6K and its partial derivatives be
continuous functions of I and K, and that the control variable, I, be plecewise
continuous. Under these conditions the solution generated will be continuous
and piecewise smooth as a function of time (see Leitman (1981), p. 81).
Fortunately, the conditions are satlisfied even when exogenous variables change

discontinuously, so the method of optimal control will remain applicable.

The second question - how discontinuities are handled when solving the
first-order conditions explicitly ~ is more difficult to answer. In practice
the effect of a discontinuity in an exogenous variable will be to produce a
discontinuity in the control variable and hence a jump in the dervivative of the
state variable; this is illustrated clearly by the behaviour shown In figure
5.1.1 above. The results displayed were obtained analytically by a method
discussed in the descriptive paper; here attention will be focused on the

implications of mwmao:nwacwﬂwmm for numerical analysis.

A wodel with a discontinuous exogenous variable 1s numerically equivalent
to a continuous problem with a region of extremely high curvature near the time
¢f implementation. From the discussion of grid density above, it is clear that
truncation error will be large at implementation unless a grid of fairly high
density is used. The error will be manifest as smoothing of the solution near
the discontinuity, and can be reduced easily by increasing the local grid
density. A nmwmnmm. and more sevrious, problem arises when the derivative of a
discontinuous function must be evaluated, as discussed in the following

section.

-13-

4.2 Finite Difference Form of a Second-Order Model

As an example of how the method is used, the following problem will be

discussed: find function £(t), nmﬁam.avu. such that
a(e)E " (e) + b(e)ET(t) + c(e)f(t) = d(r) , (4.2.1)
and satisfying boundary conditions:

mhamv = mm and mnﬂvv = ma .

Inserting central difference approximations into equation (4.2.1) gives its
finite difference equivalent:
EQt+h)~2£ (£)+E(c-h) £(t+h)~£(t-h)

a(t){ } o+ p(e)(
h2 2h

} + e(e)E(e) = d(e) .

Finally, collecting terms in f results in:

a(t) bty 2a(t) a(t) b(t)
- )+ £(e){e(t) - ]+ £k + ]} = d(t) ,
h2 2h n? h2 2h

£(e-h)(

where h is related to the number of grid intervals, n, by:

awnww

o+l

The finite difference form above describes the relationship between £(t) and
the adjacent points of the function, so to find a complete solution requires
solving a system of such equations simultaneously. It is coanvenient to
introduce a variable n» defined by:

et T, + i-h, 1=0, ... 0 ,

and to define the functions «, B and y as shown:

a(t) Bwt) 2a(t) a(t) 114 5]
ae) = { - =),  B(t) = (e(t) - 1, ow(ey = +—l
h2 2h h? h? 2h

The full model may now be written as a system of equations:
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For this reason, manipulation of the grid is vital to the feasibility of
numerical analysls because it allows accurate solutions to be obtained using a
limited grid. (In the finite difference form of a model, an equation is
associated with each grid point, so the computational load of the model
increases with the square of the number of polnts.) Reducing the number of
points is particularly important when the foresight model is to be integrated
into a larger system that is already close to the computational limits of
available equipment. Overall, using a non-uniform grid allows high accuracy to

be obtained with few points.

There are, however, at least two difficulties with the use of a non~uniform
grid. First, most mathematical work on convergence and error bounds for
numerical analysis 1s based on uniformly spaced grid points; it -may be
impossible to derive a realistic a priori error bound for a non-uniform grid.
This 1s not a problem, however, as long Wm gome method is available to estimate
truncation error. In the uniform grid case, this can be done by generating
several simulations with increasing grid density; comparing the results will
indicate the rate of change of the solution with respect to step size.
Increasing the density of a non~uniform grid is less easy to define, but simply
placing an additional point between every existing point is one reasonable
approach that will give some idea of the size of the truncation error.
Unfortunately, it is not eclear that any sort of mxnnmvowmnmoa;nm: be used to
refine such results.

The second and more important problem with use of a non-unlform grid is the
danger of concentrating grid points away from regions of high curvature: this
will degrade the solution for the same reason that the opposite movement

improves it. One approach to grid selection that will not be subject to this

~15~

aever zero. (If at some time {, a(§) = 0, the equation is said to possess a
singular point at { and the analysls presented here would have to be nodified.)
Assuming there are no singularities on the domain of interest, the general
structure above may be used for any particular differential equation by
inserting the appropriate functions a, b, c and d. This makes ir possible to

use a single solution routine with a variety of related models.

4.2.1 Example: The Constant Returns to Scale Model

To find the finite difference form of the constant returns model, all that
is necessary is to substitute the appropriate functions into the general

second-order forw given above. Recall that the secoad-order form of the CRTS

model, as derived in section 2, is:

1 B
K77+ K(g-1) + bK(g-r=8) = ~((ltv)(r+b-g) -
. 20 P (1-1%)

) .

Comparison of this formula with the general form given in equation (4.2.1)

shows that:
a(t)
b(t) = g-r ,

c(e) = 6(g-r-8) ,
8

1

da(t)

1
~—{(1+y)(z+5-g) - } -
26

mwcémv

Substituting these into the general finite difference form gives the following:

(- o e (5 + ) - ’
K (=5 = =K _(6(g=t~8) = —)4K (= + —) = —((1+y)(r+d-g) - ).
L w2 P2 g B (1-1%)

All that is required to put a model in finite difference form is to replace the
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to 60, with the effects discussed above, or {2) a non—uniform grid could be

used which had many polnts before 60 and few after it. Such non—uniform grids

are the subject of the next section.

5.3.2 Grid Spacing

Non-uniformity of grid spacing is an extremely powerful tool for fmproving
the accuracy of numerical solutions. All that is required is some a priori
knowledge of where the curvature of the solution is likely to be largest; extra
points are located there and removed from reglons of low curvature. The effect
of this can be demonstrated by varying the spacing of the n=9 grid discussed
above. The results of the dividend tax experiment are displayed in table
5.3.2.1 for several non-uniform grids; the terminal condition was Llmposed at
time 100 in all cases. Each grid had two terminal and nine interior points

located at the times for which values are shown.

Table 5.3.2.1: The Effect of Grid Spacing

-17-

4.4 Systems of Equations

. True Grid
Time Value a b [ d e
0.0 1.000 1. 1. 1. 1. 1.
5.0 .958 —_— .980 .991 +999 1.001
7.0 934 - - «985 .999 1.001
9.0 904 —— - -— .997 1.000
9.5 .895 —-— — —— -— 1.000
10.0 .885 1.061 1.032 1.020 1.010 1.008
20.0 +958 1.019 1.008 1.004 1.001 . 1.
30.0 .984 1.007 1.003 1.001 1. 1.
40.0 +994 1.002 1.001 1. 1. 1.
50.0 .998 1.001 1. 1. 1. 1.001
60.0 .999 1. 1. 1. 1. —
70.0 1.000 1. 1. 1. — -—
80.0 1.000 1. 1. — — -
90.0 1.000 1. — —-— — —
100.0 1.000 1. 1. 1. 1. 1.

(Figures shown are the ratio of the numerical result to the true value.)

The above discussion was conducted in terms of a model specified by a
single second-order differential equationm, but the method can be applied much
more widely. In particular, it is straightforward to solve systems of several
equations, so the first-order conditions need not be converted to second-order
form in order to be solved. The second-order form does, however, provide a
certain amount of intuition which the first-order system does not, and the
discussion of finite difference implementation is somewhat clearer for a single
equation. It is ugseful now to set up the same problem in first-order form as

an example.

Recall the model discussed in section 2, which had the first-order
equations below:
) d 8
A= mwﬁw+<+~mHvawla Y1-T7) ,
. d
AT o= ()N - B(L-TY ,

K =1~-8K.
Using the third equation to eliminate investment gives the following:

A= (RN - B(1-TY)

A 14y
) = 8K - (—) .
207, (1-1) (1-1°) 20

K =

Defining appropriate auxiliary functions allows the system to be written:

AT(e) = a(o)r(e) + b{EIR(t) ~ (L) ,

R(t) = d(oIr(e) + e(L)R(L) - £(¢t) .

(Wote that in the model above, b(t)Z0 and functions a and e are independent of
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which the simulations were run, so truncation error will be dominant. The
largest error occurs in the perlod 10 results; for the n=9 simulation it is
6.1%. If the model 'is intended to estimate the size of the capital stock, this
error is fairly small; on the other hand, if its purpose is to estimate the
deviation of the capital stock from its initial level, the percentage error is
much larger. In this experiment the actual drop in K(10) is «115, while the
numerical simulation returns a drop of .061, so the magnitude of numerical drop

1s only 53% of the true value.

Increasing the density to n=19 divides the error in X roughly in half, to
2.7%, and brings the drop to 79% of its true size, so whichever way accuracy is
measured, doubling the number of points cuts the approximation error by about
half, as suggested above. Doubling grid density again moves the numerical drop
to 92% of its true value; the error in K is reduced to 1.1%. In these
experiments the main effect of economic interest is the drop in the capital
stock, rather than its level, so the appropriate test of accuracy is the
model’s ability to reproduce this decline over the pre-implementation period.
Under this criterion, the n=9 solution is not adequately accurate, as it
underestimates the drop in the capital stock by 47%. 1In coutrast, the n=39
simulation is only 8% low by this standard, and it would be satigfactory if

computing limitations prevented the use of additional grid points.

Finally, notice that the difference between numerical values for a
particular time is decreasing as n increases. The numerical results at period
10 are given below for a number of different grid densities; the change in the

value of K as n is increased is also shown.

~19-

analogous to that used in section 4.2. Typilcally the boundary values will have
the form below:

Rty = xAﬁmv =K,

n+l
NAN v = mﬂm.ﬁﬁv = Wd 3

u+wv will be found as part of the

and the corresponding values of A(tY) and A(t
solution. (This means that two extra equatidns will be required to make the O
matrixz square: a reverse difference equation for A(t%) in terms of A(t!) and
At?), and a similar equation for rﬁns+wv in terms of its predecessors. For

more detail, consult Isaacson and Keller.)

Using a system of equations is particularly useful when the order of the
model is greater than two. Formally, any nnr:onmmn nonlinear differential
equation may be converted to a system of n nonlinear first-order differential
equations by a simple transformation, and this provides a valuable way of
reducing the complexity of the finite difference form of a model. The
transformation is accomplished as follows. Consider the arbitrary nn:nouamn

equation:
n—1

EE) = (U, B, 67,87 77 e £ YY) L

New functions are defined as shown:

mw = £ ,
mm = mw = £,

. a-1
mn = mnxw £ .

Substituting these into the original equation and rearranging gives a system of

n first-order equations:
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5.3 Grid Structure where

£ S
Accuracy of the numerical solution depends heavily oun the pumber and ‘m T - d "

1-7%  1-T

spacing of grid points: the greater the density of points, the more accurate

Attentlon will be focused on a single representative experiment: an announced
the solution. Unfortunately, size of the system of equations goes up with the

change in the dividend tax rate. The initial tax and the investment subsidy
square of the number of points and the number of steps required for a solution

will be zero, the price of capital will be 1.0, and the parameters of the model
rises even more vapidly, so attainable accuracy will usually be constrained by

will have the following values:
computational limitations. For this reason, the structure of the grid should

be chosen carefully for maximum accuracy at minimum cost. The aspects to be r = .05 &=.10, 6=20/3, v=-2/3, B=.25.

considered are: (1) the actual number of points to be used, and (2) their In the absence of a tax shock the steady state capital stock can be found

locations in the interval mam.evu. by evaluating the second-order equatlon with K°° = K" = g = 0; computing shows
that the steady state is 1.0 for the parameters above. This implies that the

5.3.1 Number of Grid Points

following must be true:

Investment = 8K°° = .1 .
As noted in section 4.2, when grid points are uniformly distributed over : as
) Barnings = BK = = .25 ,
the interval the number of points is related to the spacing between them by:
Investment Cost = (l+y)I + 612 = .1 ,
b o= Ty Ty . Dividends = E - C(I) = .25 ,

il

Market Value = .15/.05 = 3.0 .

Because the finite difference formulae have truncation error oarwv. cutting the

step size in half reduces the error cousiderably. The error made at each step The solution will usually be required to attain the steady state at time 100
is 0(h?) and the number of points is proportional to 1/h, so the cumulative and the initial capital stock will be 1.0. 1In the absence of a shock, the
error at any given step iz O(h). Thus, halving the step size should result in . model should remain at the steady state, and this 1is, in fact, the behaviour of
halving the truncation error (see Birkhoff and Rota (1969), p. 188). . the numerical solution.

To 1llustrzte the importance of the number of grid polnts the dividend tax The dividend tax experiment has the nice feature that its solution can be
experiment was solvad for n=9, 19, 39, 79, aand 139. The time interval used was determined analytically, which 18 not true of most other experiments. As
[0,100] 4n all cases, so the step sizes were h=10, 5, 2.5, 1.25 and .625, derived in the descriptive paper, the path of the capital stock after the

respectively. Results are presented in table 5.3.1.1; the figures given are announcement is given by:

#
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the true solutlon except near the terminal time. The latter property means
that a reasonably small error in the terminal condition will make very little
difference to the result in early periods. The intuition behind this is clear
and compelling: because of the positive root in the solution, the only way to
attain a point near equilibrium at large values of t is to follow a path close
to the optimum for most of the interval. This also illustrates why shooting
methods are so difficult to apply: to four digits the initial derivative of the
capital stock in the ©=30 and t=530 solutions is the same, but a difference of
1.5% occurs in the value of K at 7; clearly solutions with initial derivatives
which differ by even a small amount will be extremely far apart just 30 periods
in the future. (Recall that shooting is essentially an iterative procedure for
finding the correct value of X'(0) using the miss distance at large times.)
Thus, when the terminal condition is imposed reasonably close to its true
value, and at g large time 7, the solution for early periods will be
essentially independent of the error in the teruwinal condition. As a practical
matter, Iif the derivative of the state variable is reasonably close to zero at
the terminal point, approximation error generated by the cocsmun% conditions

will be unimportant.

This discussion has focused on the divergence of different numerical
solutions from each other, but all three of those counsidered above differ
slightly from the true solution. This ilnaccuracy, as discussed in the
following sectlon, is much more serious than terminal time error and arises

from the structure of the grid of points used.

-23-

Figure 5.1.1: The Dividend Tax Experiment

Shown is the trajectory of the capital stock for an
announced increase in the dividend tax from 0 to 25% at
period 10. Capital is measured as a fraction of its
initial value.
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