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10.

11.

iz,

The class of utility function considered by Merton contained all
members of the HARA (hyperbolic absolute risk-aversion) family, of
which the Klein-Rubin form used here is a special case.

If 2 is disgonal (i.e., o(j,5) = O for all i % j), then (10)
becomes more easily interpreted as:

t v z
wttt = Sag 7 2) (&b - 4 at %, ) (k=1,..., k-1).
qﬁw.xvmm Eu

Those elasticities pertaining specifically to the ELES component
(such as the commodity price elasticites) are not tabulated as they
are well documented elsewhere -~ see, for example Powell (1974,
ch.6) and Lluch, Powell and Williams (1977, ch.2).
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FROM ELES TO ELESA: 4 LINEAR EXPENDITURE SYSTEM WITH ASSETS®

by

Philip D. Adams

1. IHTRODUCTION

In most models of consumer behaviour, total consumption expenditure
is treated as a predetermined variable. The maintained position in these
models is that the decision of how much to consume now rather than later
(the intertemporal problem) is separate from the decision of how to
allocate total expenditure among the consumption opportunities of the
present (the atemporal problem). Ramsey (1928) and Fisher (1930) were the
first to demonstrate, theoretically, that both aspects of the consumer’s
decision-making process could be handled within the one framework.
However, it was not until much later that models emerged which were
suitable for econometric implementation. The first of these to be widely
used was Lluch’'s (1973) ‘Extended Linear Expenditure System' (ELES), which
is the point of reference for this paper.

Lluch takes the wutility function associated with Stone’s Linear
Expenditure System and embeds this into an ‘... intertemporal utility
maximization problem, subject to an expected wealth constraint’ (Lluch,
1973, p. 21), The solution to this problem is the ELES and contains
equations for the optimal time paths of expenditure on different
commodities and for aggregate saving. Only one financial asset,
'non~human wealth', is recognized, and its price and 'rate of reproduction’

are assumed to be constant over the consumer's plan.

In this paper we show how Lluch’s model can be generalised to
accommodate a consumer who must not only decide on how much to save in
aggregate, but also how to allocate total savings amongst a menu of assets
in a world where asset prices are not constant, but are subject to
unpredictable variations.® Thus the consumer’s portfolio and consumption
behaviour are considered simultaneously, and optimal rules for financial

asset holdings are derived as well as for consumption expenditures. The
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EHDNOTES

I wish to thank Peter Dixon, Keith MecLaren (especially for bringing
to my attention, and helping to interpret, the work of Merton) and
Alan Powell for many helpful comments. All remaining errors are my

own.

Clements (1976) also incorporates consumer portfolio behaviour into
the ELES framework. However, the methodology used by Clements,
unlike that wused in this paper, is purely deterministic and
involves the transformation of an (unspecified) Mawwxnmsmonmw
choice problem into a (specified) single~period problem using a
'collapsibility’ theorem.

The relative merits of the Merton model are considered in Flemming
(1974); while recent examples of applications include Hubbard (1983
and 1985), and Upcher and McLaren (1986).

In the ELES, there is no possibility of capital gains from holding
'non~human wealth', since the price of that asset is identically

equal to one.

Random walks, in both discrete and continuous time, are described
in Cox and Miller (1965). The distributions defined in (1) are also
known as Ito processes ~— see Ito (1951). The reader should note
that equation (1) is not differentiable in the usual sense; instead
a more general differential calculus of the type described in
Merton (1982) must be used.

For a rigorous derivation of (2) from its discrete~time analogue,
see Merton (1971, pp. 377-9).
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independent parts: one permanent and the other transitory. The transitory

part is captured by the random walk awamx.

Given the stochastic nature of (1), the consumer’s accumulation
relationship for non-human wealth (hereinafter ’wealth’, the planned value
of which for h is denoted zzv must be expressed as the stochastic
differential equation:

K
h h sh h h' h
dW® = T dpp Dy + (y° - x )dh (2),
= P Vi ¥ q

where UW is the number of units of financial asset k expected (from the
viewpoint of the consumer at t) to be held at the notional instant h (a
liability is represented by a negative value for Umv“ <x is the exogenously
given instantaneous flow of expected labour income at h, per wunit time;
Ns is an M length vector containing the rates at which each item of the
budget is expected to be consumed at instant h, per unit time; and as ig an
M vector of expected commodity prices (note that a prime (') is used to

denote the transpose of a column vector).s

Let one of the financial assets, say asset K, be risk-free (i.e.
o = 0). Then, upon substitution of (1), equation (2) becomes:
n_ K1 hyh hoh o h h, o h_ . h'h
dW" = ¥ [(a;, =~ a dwW" dh + oy wW? dzl] + (a WP + - X )} dh
R s da" k¥ k K y q
. (3),

where zm is the proportion of wealth zr expected Lo be invested in

K
asset k at h { Z wll =1 ).¢
k=1 K

At t, the consumer's intertemporal choice problem can be expressed
as follows. Let U(xD, h) be the instantaneous intertemporal utility
function which is supposed to include only planning time and the time rate
of demand for each of the M consumables as arguments. The consumer, who is
assumed to have an infinite planning horizon, seeks to maximize the
criterion functional:

mn\q uGh, B dn
t

subject to:

- exogenously given expected time paths for labour earnings mwnu
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0= Max Ecf UGS, v) ah + SC .., o)WEAB - Tl 4 S( .., v) an
5,08, w2y ) W <
K1 1 +Ah _ 72
+ T 8C .., v) [pEYAR - pT1 4 T og( .., o) wETAR L oyt
k=1 p, Pk Pi 2 WM
1 K-1K-1
+ - X ¥ 8 .., vl vn+>v -p] I vm+>s .bw 1
2 i=1j=1 vnuu

bSO ., IR Ty an 4 SC .., ©)[PF*A0- pIlan
Wt k=1 Pyr

K-1
Z S ® [p™H88 _ pTpp™ah _ 4T 4 o(an)
k=1 Py

+

(s & [v, v+Ahl) (44),

where the notation used for the partial differentials is: m& wes )

#

mmAsa~vM....nm .dv\msd.mﬁ..~dvu mmﬂzﬂ.vw....um. dv\muw. mm ...dv
Py
3s(W®,pf,..,pg, ©) /o, S{yrer ©) = 825, p}, .., pf, ©) /3WTOWT, ete.

#

Taking expectations, and then dividing by Ah and letting Ah
approach zero, produces:

K-1 .
0= Max UGS, ©) + 8¢ .., T (- ap)uwfiT+(a W+ y& ~ x¥'qb)]
B i Sl 1 K
{x*,wf, ., we_q) =
AU TR ]
k-1
+ I S(.., ) nm a, + S .., %)
k=1 Py T
1 K-1K-1 .
+ =S(.., )l I X z z oy, uvms v 1
2 WW i=1j=1
1 K-1K-1
+ = L X SO ..o, w) [ ptp% ey 4y ]
2 is1j=1 pib] iPj %1,
K-1K~1
+ 2 XS0 O Wi ple(; 4y ] (a4s).
i=1j=1 p,W J
12

Xp Qp = asﬁm& ves T), T) (m=1,..., M) (4),
and

g - e A R k-1)  (5)

k mvz... 31 A Huu K seees ,

in which: G,( ) is the inverse function {x= [8UC )/ ox,, u:»u" olied) is
the (1,J)'th  element of bxwﬁzsmwm 2 is the symmetric (X~1 x K-1)
covariance matrix of financial asset returns); and the remainder of the
notation including the interpretation of the optimal expected value
function S( .., %), is explained in the Appendix.®

To solve for Na* and zwu (k =1,..., K-1), (4) and (5) are
substituted into ©( ) which becomes a second-order partial differential
equation in S( .., ©). Having then solved this equation for S( .., t) we
substitute back into (4) and (5) to obtain the required optimal rules.

Substituting for (4) and (5) into 6( ), gives:

0 = ol .=z, ) + SC..,

M
* S T alt vyt - z 61
o= m

S{ .., 1)
’ K-1K-1 JE
e — (i, 3) _ _
28 .., 1) HWSWH lo (a; = ag)lay - ay) 6).

Before (6) can be solved for S( .., ), U( ) must be given an
explicit form. Already having adopted intertemporal additivity of the
utility functional, as in Lluch (1973) we adopt the following additional
simplifying particularizations:

—~ stationarity of the instantaneous utility funetion;

— constanecy of the time-preference discount rate, & ;
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APPENDIX

A DIGRESSION ON STOCHASTIC PROGRAMMING: DERIVATION OF THE FPUNDAMENTAL
DIFFERENTIYAL EQUATION

The following derivation draws upon Dreyfus (1965). For the
problem being considered here we define a function S({ ), called the optimal
expected value function, such that:

def w
ST, pf.... pg, ©) = Max E, ﬁ U=, h) an
E ST N

where the set HN.SH‘..t :»H contains all admissible control rules emanating
from an arbitrary instant of (planning) time v (7t )
T
nm.

t), given WE, vm.....

H.... bM~ t), we must first consider the problem

To derive S(W°, p
in discrete time, with time increments of Ah. We start by rewriting

equations (1) and (3) as:

T+Ah T _ L3 Tt+Ah _ T
Py - b = pp [ a an v iz ) |
(k =1,..., K} (A1),
and
K~1
werAR g o WuAmx - wmvsmzd Ah + Ammsa +y" - x¥'q% an
K~-1
Tyt T+Ah_ T
+ WH o W wa 2y ) (A2).
Notice that the first and second moments of Aum+>5 - uﬂv and A2d+>: -W5
are:
E(pg™A0 - pI) = I a, An k= 1,..., K),

mﬂzd+>: - W)

K-1
qumx - mwvsmrd Ah + Amwsd +yb -2 g% an

T LT

t+Ah T+Ah Ty = P} P o1, ) Ah

Covariance(p} - nMVAnu - P

(i,i=1,..., K-1},

10

M
£t _ < t t = t =
Xp Ay = Xp qQp + Byr (& EWH Xy 9y ) (m=1,..., M) (9),
and
LS IS
ot . MWH -] (ay- mmv et Mo_
Wy = o 4 WH Ky Qp )

(k =1,..., kK~1) {(10),
where, by definition, p = m\mw .

Equations (9) and (10) are the central results of this paper and,
together, form the ELESA. Equation (9) is Lluch’s ELES, with the single
market rate of interest (p in Lluch’s notation) replaced by the safe
rate of return mw and permanent income (2) equal to &. Equation (10)
explains the consumer's portfolio behaviour as a system of linear functions
in ‘safe’ income. Consistent with the more traditional mean-variance
analysis of portfolio behaviour, equation (10) implies that the demand for
risky asset k is an increasing function of the weighted sum of rates of
return on each risky asset Aww 5 1 =1,..., K-1) relative to the safe rate

of return mmh . The weight qu.xv gives an indication of the relative

security endowed from investing in k rather than i.:2

To assist the reader in further understanding the ELESA, certain
elasticity formulae for the system are provided in Table 1.3%2 Keep in mind
though, that these formulae are derived from the continuous~time systen,
and so care is needed when interpreting them with discrete-time data. For

t

example, & 1is a function of zﬁ , which is itself a function of asset

prices at ¢t. In discrete-time, changes in these prices may induce, over
the unit time interval, a change in zn and thus m« . This effect is
additional to that reported in Table 1 and would need explicit treatment in

an operational version of the theory using discrete-time data.

3. CORCLUSIONS

In this paper we have shown how Lluch’s ELES ecan be generalised to
accommodate the portfolio behaviour of a consumer whose perception of

future asset prices is uncertain. The resulting system, called the ELESA,
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