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ABSTRACT

The historical approach to portfolio analysis is to use past
data to estimate the expected rates of return of financial assets and
the correlations between the assets (i.e. the variance-covariance
matrix), A potential problem with this approach, however, is that even
if the returns on two assets have been uncorrelated in the past, they
may nevertheless be correlated in the future. This could be the case if
the returns on the two assets were closely linked with, for example,
protection policy. This relationship would not be revealed by
historical time-series data if there had been no significant change in
protection policy. Thus, even if returns on these assets have not been
closely correlated in the past, we might nevertheless conclude that a
portfolio containing both assets is not well diversified if we expect a
change in protection policy. In this paper a forward looking approach
to portfolio analysis is developed. The first step involves specifying
future economic scenarios in terms of the exogenous variables of a
computable general equilibrium (hereafter CGE) model. These models
represent a rapidly emerging field in applied economic analysis., The
CGE model is then solved for the effects of the economic scenarios on
industry rates of return. These projections are then mapped from
industries to corporations according to their base-period holdings
across industries. Finally, the expected return and risk is projected
for any given portfolio of corporate stocks.
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A FORWARD LOOKING APPROACH TO PORTFOLIO ANALYSIS

USING A COMPUTABLE GENERAL EQUILIBRIUM MODEL¥

by

Peter J. Higgs

1. INTRODUCTION

The historical approach to portfolio analysis is to use a
timemseries analysis of past trends to estimate the expected rates of
return of financial assets and the correlations between the assets (i.e.
the variance-covariance matrix). A potential problem with this
approach, however, is that even if the return on two assets have been
uncorrelated in the past, they may nevertheless be correlated in the
future. For example, this could be the case if the returns on the two
assets were closely linked with protection policy, This relationship
would not be revealed by historical time-series data if there had been
no significant change in protection policy. Thus, even if returns on
these assets have not been closely correlated in the past, a portfolio
in which both assets loom large is not well diversified if we have

reason to expect a major change in protection.

¥ This research was supported in part by the Superannuation Fund
Investment Trust, Canberra. The author is particularly indebted
to Alan Powell for extensive editoral feedback and comments.
Thanks are also due to Philip Adams, George Codsi, Peter Dizon,
Richard Douglas, Wolfgang Ernst, Mark Horridge, Mike Kenderes, Bob
Officer, Ken Pearson, and Norm Sinclair for comments and
assistance. Peter Dixon should in addition be acknowledged for
some unpublished notes on the topic of this paper that were very
helpful. Thanks are also due to the participants of seminars at
Griffith University, the Reserve Bank of Australia, the University
of British Columbia, and the University of Melbourne.



In this paper a forward looking approach to portfolio analysis
is developed. This approach combines a multi-index model of asset
returns with factors derived from a computable general equilibriunm
{hereafter CGE) model. CGE models represent a rapidly emerging field in
applied economic analysis.! The first step of this approach is to
specify future economic scenarios in terms of the exogenous variables of
a CGE model. The CGE model is then solved for the effects of the
economic scenarios on industry rates of return. These projections are
then mapped from industries to corporations according to their
base-period holdings across industries. Finally, the expected return

and risk are projected for any given portfolio of corporate stocks.

The remainder of the paper is organized as follows. Section 2
contains a review of the background literature. The theoretical
foundations are presented in section 3. A brief description of a CGE
model of the Australian economy is given in section 4. Note that as
this paper is largely concerned with developing and illustrating new
techniques, the CGE model is highly stylized. This allows attention to
be focused on mechanisms which are key to the purposes at hand without
the distraction of excessive dimensionality. Also contained in section
4 is a discussion of some elasticities computed from the CGE model. In
section 5 the rate of return on capital is defined. In section 6 it is
shown how the CGE model can be used for forecasting rates of return by
industries. This first requires scenarios to be specified, from ocutside
of the CGE model, about future developments in the variables exogenous
to it, These scenarios together with the appropriate elasticities are
then used to produce forecasts of some key macroeconomic and industry
variables. A mapping between the CGE model's industries and some

illustrative corporations is described in section 7. The forecast rates



of return by corporations and associated variance-covariance matrix are
calculated in section 8. In section 9 some portfolios consisting of the
corporations are defined. Then in section 10 the expected rates of
return by portfolioc and associated variances are calculated. In section
11 the frontier of efficient portfolios is derived. Some concluding
remarks are offered in section 12. Finally, some technical notes are

contained in an appendix.



2. LITERATURE REVIEW

Modern portfolio theory (hereafter MPT), pioneered by
Markowitz (1952), was the first framework explicitly to capture risk in
a portfolio sense. MPT defines risk as the variability of portfolio
returns rather than those of individual assets. It is assumed that an
investor can calculate the risk and return of portfolios consisting of
all possible combinations of investment alternatives. Given this
information the rational investor will prefer portfolics that provide
the highest expected return for a given level of risk or those that
offer the least risk for a given expected return. Investors will then
choose from this set of efficient portfolios according to their
appetites for risk. A risk-averse investor may prefer a portfolio with
lower variance and commensurately lower returns. The problem with MPT,
however, is that an investor must forecast the expected return of every
asset, the variance of every asset's expected returns, and the
correlation between the expected returns for every pair of assets (i.e.,
the variance-covariance matrix). The complexity of this task has

largely prevented MPT's extensive use by practitioners.

The capital asset pricing model (hereafter CAPM), developed
by Sharpe (1964), Lintner (1965), and Mossin (1966), represents an
extension of MPT. The CAPM dramatically reduced the complexity of the
forecasting task by assuming that stock prices move relative to a
market-value-weighted portfolio of all possible risky investments. The
investor forecasts the relationship (which is assumed to be linear)
between the return on each of the assets and the market portfolio. The
investor must also forecast the variance of the market portfolio and of

each of the assets. However, by assuming that the error terms of the



estimated linear relationships are uncorrelated, the covariances among
individual assets can be deduced from the estimated coefficients and the

variance of the market portfolio.2

The CAPM also assumes the existence of a risk-free asset,
The addition of a risk~free asset significantly changes the set of
investment opportunities. In fact the rational investor will only
purchase a combination of the market portfolio and the risk-free
security (see Tobin (1965) and Merton (1971), section 5). The relative
portions of each purchased will again depend on the investor's tolerance
for risk. Note that to forecast the composition of the market portfolio
requires estimates of each security's risk. The CAPM's risk index is
referred to as beta. For any security, beta is calculated as the
covariance of the security's returns with the market's return divided by
the variance of the market's returns. Thus the beta of the market is
one. Securities with less risk than the market have a beta less than
one, more risky assets have betas in excess of one. The beta for a
portfolio is the weighted average of the betas for each asset contained

in the portfolio.

There exists a large literature which examines the CAPM from
both theoretical and empirical perspectives. All models are to some
extent an abstraction from reality. However, many of the assumptions of
the CAPM have come under critical review. For example, in CAPM the
investor is assumed to maximize the utility of wealth; however, wealth
can be defined in many ways (e.g., pre-tax versus post-tax or dividends
versus capital gains); -~ see Miller and Scholes (1982) and Vandell and
Stevens (1982). Beta as a measure of risk has also provoked

controversy; see Friend and Blume (1970), Cooley, Roenfeldt, and Modani



(1977) and Arnott (1983). The CAPM assumes homogenous expectations, but
in reality each investor has their own expectations; see the state
preference model of Hirshleifer (1965). In the standard treatment all
investors have a common single~period planning horizon, and make
transactions at the same instant. (See however, Merton (1973) for an
intertemporal, continuous-time, CAPM.) The existence of a riskefree
asset and the assumption that investors can borrow or lend unlimited
amounts at the risk-free rate is also questioned; see Black (1972),
Lintner (1975) and Lewellen and Ang (1982). The linear risk-return
relationship has been questioned in empirical studies; see Fama and
MaecBeth (1973). Finally, Roll (1977) has even gquestioned the validity
of the empirical tests of CAPM. The CAPM is based on expectations; as
Roll points out, however, the empirical tests have been tests of what

actually ocecurred rather than of expectations.

The criticism of the CAPM that is of most interest here is
that it omits factors which are important in determining rates of return.
In particular, the CAPM makes no distinction among industry groups.
However, many authors have found that industry-related factors do effect
rates of return by corporations. For example, industries are observed
to have different betas. Harrington (1987) reports betas for 44
industry groups that range from a high of 1.69 for the brokerage
industry to a low of 0.65 for electric utilities. Harrington also
observed that the betas of companies within most industries are quite
similiar. For example, the range for eompaﬁies in the electric

utilities industry was 0.83 to 0.43.

The first study to show the importance of industry factors

was King (1966). King studied the returns between 1927 and 1960 of a



sample of 63 firms on the New York stock Exchange chosen from six
industry groups. These industries were tobacco products, petroleum
products, metals, railroads, utilities, and retail stores. The 63
stocks were first paired in all possible ways. The pair with the
highest correlation was made into 2 composite stock. Then the remaining
62 "stoeks" were again paired in all possible ways, ete. On each round
a stock combined with another stock or with a composite stock, or two
composite stocks combined., It was found that the composite stocks so
identified tended to be defined along industry lines. King found that
after allowing for the general effect of the market, industry membership
appeared to be the most important single influence in determining stock

price.

Another study to use factor analysis to study the influence
of market and industry factors on stock price behaviour was Meyers
(1973). HMeyers' objective was to demonstrate that King (1966) had
overstated the role of industry factors due partly to the empirical
methods and partly to the sample King used. However, Livingston (1977)
haé identified problems with both King's and Meyers! papers.
Specificaily, Livingston shows how variants of factor analysis performed
on the same body of data can lead to different results. Furthermore,
market factors extracted by factor analysis vary considerably with the
sample of data used. Livingston prefers the estimation of residual
covariances by regression against a broad market index. Using this
approach Livingston concludes that industry comovement of securities is
of considerable importance. The results support the view that "industry
movement of securities must be accounted for in diversifying one's

portfolio" (Livingston (1977, p. 873)).



The multi-index portfolio selection models also estimate
residual covariances by regression against a broad market index. 1In
general these models have found large residual effects which frequently
follow industry lines. The first of these studies was by Cohen and
Pogue (1967). They specified a multi-index MPT model using industry
indexes. Subsequent studies specifying industry indexes include
Campanella (1972), Aber (1973), Elton and Gruber (1973), and Fertuck
(1975). However, a basic problem with these studies was that some

industry indexes turn out to be highly collinear.

The next step was to attempt to capture more explicitly the
fundamental factors that were generating the industry effects, This
approach was foreshadowed by Treynor (1972) who observed that stocks are
primarily vehicles for participating in factors and argued that the
principal task of the security analyst is to descoribe how each stock is
likely to be affected by these factors., Farrell (1974 and 1975)
specified a multi~index MPT model using broader-than-industry indexes.
Farrell wanted to define indexes of stocks that were significantly
correlated within their own grouping but largely independent of other
groups. Using cluster analysis Farrell found that significant
independent groupings could be found in terms of what he called growth,
cyclical, stable and oil stocks. Farrell then showed that a portfolio
would not be well diversified if it was concentrated in only one of
these groupings. Furthermore, Farrell found that a multi-index MPT
model using the above groupings did outperform a single-index MPT model.
This result was also found in a follow~up study to Farrell by Martin and

Klemkosky (1976).



Arnott (1980) employed a method similar to Farrell's except
that he used a larger sample, eliminated data lying beyond three
standard deviations from the mean, and only created clusters up to the
point where he saw unusual groups Jjoining the cluster (Farrell had
combined groups until no positive correlations remained). Arnott
identified five groups which he labelled quality growth, utiliti es, oil
and related, basic industries, and consumer cyclical. Arnott
conjectured that these groups embodied important fundamental
characteristies. For example Arnott (1980, p.59) claimed that "the
utility factor is dominated by interest-rate sensitivity, while the
cyclical factor is strongly influenced by the economic outlook." The
key result of Arnott's study was that these groups represented a 30 per

cent improvement in explanatory power over the single~index model.

The effect of a range of factors on asset prices was also
studied by Sharpe (1982). Sharpe specified 16 factors of which eight
represented industry sectors. He found that many of these factors were
significant during the period 1931-79. However, many of the factors

used in Sharpe's study may be proxies for other more fundamental factors.

The arbitrage pricing theory (hereafter APT), developed by
Ross (1976), is in some ways an extension of the multifactor models.
APT relates the expected return of an asset to the return of the
risk-free asset and a series of other common factors. If investors know
the sensitivities of assets' expected returns with respect to a factor,
then according to APT they will trade until arbitrage profits are

eliminated.
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The APT does not identify what the common factors are.
However, it is possible to use a purely statistical means, similar to
factor analysis, to estimate the number of factors that affect the
market. Roll and Ross (1980) found that there were perhaps as many as
four factors important in pficing assets, Similar results have also
been obtained by Reinganum (1981), Fogler (1982), and Brown and
Weinstein (1983). It should be noted that the Roll and Ross (1980)
study has been criticized by Dhrymes (1984) who claims that the number
of factors observed is sample size dependent. For example, there may
exist factors that are industry-specific that will only be identified

when the sample includes stocks from all industries.

Chen, Roll, and Ross (1983) have attempted to identify the
common factors by first estimating their number and then testing for
correlation between them and some macroeconomic variables, such’as
inflation, o0il prices, and industrial production. Note that only the
unanticipated changes in these macroeconomic variables are considered to
influence the pricing of assets. This study found that four factors
were important in determining returns: industrial production; changes in
the risk premium; changes in the term structure of interest rates; and

unanticipated changes in inflation.

Estep, Hanson, and Johnson (1983) have shown how the relative
performance of portfolios constructed so as to be senvsitive to
particular factors, such as those identified by Chen, Roll, and Ross
(1983), do indeed vary quite considerably. Estep, Hanson, and Johnson
also examine the performance of portfolios sensitive to additional

factors; namely, defence spending and real oil prices,



1

Finally, the Salomon Br‘others" STOCKFACTS system, which was
developed by Data Resources Incorporated, may use techniques which are
sympathetic to those developed in this paper. The STOCKFACTS system
apparently makes use of an input-output table to estimate the historic

factor sensitivity of 'stocks to a number of macroeconomic variables.

The approach developed in this paper can ‘be related to the
above literature in the following ways. It is similar to the APT
approach of Chen, Roll, and Ross (1983) in that asset returns are
assumed to be influenced by developments in some key macrpeconomic
variables. However, rather than statistically test for these factors
and then éttempt to identify them via a correlation exercise, here we
use an economic model to trace explicitly the effects of forecast
changes in macroeconomic variables on asset returns. The approach taken
here is also related to the literature initiated by King (1966) on
industry factors, in that the economic model first traées the effects to
the industry level., The effects on corporations of changes 1in the
macroeconomy are then estimated according to their holdings across

industries.



12

3. THEORETICAL FOUNDATIONS

. In this section we will develop the theoretical foundations
of a multi~index model of asset returns with factors derived from a
CGE economic model. Next a synthesis is presented of the multi-index
model, the CAPM, and the APT. Finally, the statistical properties of

the return generating process are specified.

3.1 A Multi-Index Model of Asset Returns with Factors Derived from a
CGE Economic Model

In this section we will develop the theoretical foundations
of a multi-index model of asset returns with factors derived from a CGE
economic model. To avoid any potential confusion with respect to
timing, the notation will include time superscripts. We will start with
the assumption that returns on the i%N asset are generated by a

multi-index model of the form:

t
+

t t :
1 +biF *+ e i=1,...,m; (3.1)

t
Ry = a; » byF Kk

i

where Rit is the return on asset i in period t3; aj is a constant which
captures the nonfactor-related aspects of the return on asset i; bjy is
t'he: sensitivity of asset i's returns (as estimated from the CGE model)
to movements in the common factor Fy; th is the value of the common

factor at time t; and eit is the realized error at time t.

Next we note that the rate of return of asset i, the value
of factor v, and the error term associated with asset i in period t+1

can be written:

i

t+1
Ri = R;’ + AR;: i=1,.0..,m (3.2)



t+1 t
= E o+ aFy , V=1, ... ,k; (3.3)
and

t+1 t .

e = e+ Aeg i=1,...,m. {3.4)

Furthermore, we can calculate the change in the rate of return on asset

i over the period t to t+1, AR;%, from equation (3.1)

t t t t .
AR; = b“AF1 *oee. by AF 4+ de; ; 1~1i..‘,m. (3.5)
Now substitute equation (3.5) into equation (3.2):

t+1 t t £ L :
Ri = Ri + biiApi o, * bikAFk + Aei i=1, ... ,0. (3.6)

Finally, substitute equations (3.3) and (3.4) into equation (3.6):

£+l ¢ t+1 _ ot
Ri = Ri + bi1(F1 F1) o,
t+1 t t+1 _ t .
+ bik(Fk Fk) + (ei ei) i=1,...,m, (3.7)

Equation (3.7) can also be written:

] t

Ri = Ri + bil(Fl - F1) + ..

. bik(Fi+‘ - FE) + u§+1 i=1, .00 ,m (3.8)
where
e - e | i=1,..,m (3.9)



Equation (3.8) is the central equation of our approach as it describes

how the rates of return on assets evolve over time.

The expected return for asset i can be obtained by taking the

expectation of equation {(3.8):

E%RyTT) = B+ by RV - FD L

t,.E+1 t :
blk(E (Fk ) Fk) i=1,...,m; (3.10)

where EY(R;®*1) is the expectation at time t of the rate of return on
asset i in period t+1; and Et(th”) is the expectation at time t of the
value of the common factor F, at time t+1., Note that it is assumed that

EC(u;t*1) is zero; see section 3.5. Equation (3.10) can also be
i X .

written:
RY = "R - b B EET -FD - L
(Et(Ft”) - Fi) i=1,...,m. (3.11)

Substitute equation (3.11) for Rit in equation (3.8):

t+1 t+1 _ b, bl

t, t+1
Ri = E (Ri )+ bi1(F1 E (F‘l o+ L.
t+1 t t+1 +1 .
+ bik(Fk )y + u i=1,...,m. (3.12)

Equation (3.12) says that investors have an ex ante expected return for
asset i, but that unexpected changes in the factors will lead to results

that are different from what investors had expected.
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Why Use a CGE Model?

The above multi—index model of asset returns could be adopted
for use with economic models other than those of the CGE class.
However, CGE models have the following advantages. A CGE model goes
beyond the historical correlations among éggregate variables which form
the basis of many traditional macro-econometric models, thus enabling it
to examine the effects of structural changes. This facility is
eépecially valuable when dealing with unprecedented changes iﬁ the
relations among maérOrvariables (e.g., the oil‘shocks of the 1970s).
Furthermore a CGE model is transparent in the sense that all mechanisms
respon51ble for results are expllclt. This enables users to both check
for errors in the model and to obtain insights that would otherwise have

been difficult to deduce.

3.2 Capital Asset Pricing Model

The development of the CAPM has been attrlbuted to Sharpe
(196&), Lintner (1965), and M0531n (1966) Here we follow Sharpe's
derivation of the CAPM. The CAPM assumes that invéstors only care about
poftfolio risk and expected return:

U - g(Etm ) Sdt(nt”) ; (3.13)

where U is the level of utility; Et(Rpt+1) is the expectation at time t
of the return on portfolioc p in period t+1; and Sdt(Rpt+1) is the
standard deviation at time t of the return on portfolio p in period t+1.
It is assumed that investors agree on the prospects of various assets
(including their expected vélues, standard deviations, and correlation

coefficients). Furthermore, investors are assumed to prefer an



efficient portfolio to an inefficient one. A portfolio is said to be
effieient if (and only if) there is no alternative portf‘olio with either
(1) the same Et(Rpt”) and a lower Sdt(Rpt”), (2) the same Sdt(Rpt”)
and a higher EY(R,Y*T), or (3) a nigher EY(R Y1) and a lower Sab(RpM*1).
A frontier of efficient portfolios constructed from the set ’of‘ available

risky assets is depicted in Figure 3.1 by the curved line AA.

The CAPM then assumes the existence of a risk-free asset
(i.e., an asset with zero standard deviation and zero covariance with
all other assets) with a rate of return in period t+k1 of Rgt”. It is
also assumed that all investors are able to borrow or lend funds at rate
Rpt*? on equal terms. These two assumptions allow the creation of a new
efficient frontier of portfolios, depicted by the line Rpt”Z in Figure
3.1t. (Note that the line Rpt‘”z is sometimes called the capital market
line.) Point M on the line Rp®*'Z corresponds to the efficient
portfolio consisting of just risky assets., Consider for the moment that
the only risky assets are equities and the risk-free asset ié bonds.
Given this, then the line Rpt+12 sets out all the alternative
combinations of a pure equity portfolio M with bonds {(mixed with bonds
up to the point M and levered by loans beyond point M). The combination
of a pure equity portfolio M with bonds that an investor chooses will
depend on their particular taste with respect to risk. Since RptHZ
defines the set of efficient portfolios, the mutual funds theroem (Tobin
(1965), Merton (1971)) is established: any portfolio derived by a
rational investor can be obtained as a linear combination of the

risk-free asset and the market portfolio M of risky assets.

The central result of the CAPM is an equilibrium condition

expressing the expected return of an asset as a function of the
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Expected
Rate of Return

£, b1
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b, b+
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0 Sdt(R;ﬂ) ) Standard Deviation
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FIGURE 3.1: DERIVATION OF THE CAPITAL ASSET PRICING MODEL

After Levy and Sarnat (1984, p. 409).



risk-free rate of return, the expected return of the market portfolio,
and the covariability of the asset's returns with the market's returns.
This condition is derived as follows. (Note that the subsequent
exposition draws on Levy and Sarnat's (1984) treatment of Sharpe's
derivation.) Suppose there existed a portfolic N (different from M)
which is a mix of some risky asset 1 and the optimal market portfolio M.

The expected rate of return of portfolio N in period t+1, Et(RNtH),

given by:
N I L I C I M I CMAR I (3.14)

where S,-_"'H is the proportion of portfolio N invested in asset i in
period t+1; EY(R;%*!) is the expected rate of return on asset i in
period t+1; and Et(RMt”) is the expected rate of return of the market
portfolic in period t+1. By changing the proportion Sit”, we trace the
curve BB which describes all portfolios consisting of a mix of these two

assets; see Figure 3.1.

The ke‘y point in the subsequent derivation is that at point M
the curves AA and BB have the same slope as the line RF"'”Z. This is
due to the fact that the curve BB must touch the point M (i.e., at M the
investor holds 100 per cent M and a zero per cent (separate) holding of
asset i), but BB cannot cross AA. If BB did cross AA, then the curve AA
would not be the efficient frontier of all risky assets as was

previously assumed.
The slope of the line RpP*1Z is given by:

t+1

Slope at point M = (E(RT) - y/sa® @Sy (3.15)
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The expected rate of return and the variance of portfolio N are given

by:
e%writT) - s'i;”h’% e - st CACMAPIE (3.16)
and
1
var (R = (s8R var PR 0 - S5 var bl
. zsf*‘(1 - s Y cOvt(R‘*', at*’) . (3.7
Next we calculate the following derivatives:
N 2 INPIUEES Y T DU o .
oK (RN )/65i =k (Ri ) (RM ) H (3.18)
and
%d(ﬁ”%/%?“= Qs?‘thmf“ ) - 201 ‘s )v@‘mt”)+
201 - 2sthy COVt(Rt+1 t”)]/[asd (R I . (3.19)

At point M we know that $;%*1 equals zero and that Sat(Ryt*!) equals
Sd*(Ry®*1). Thus, if the above derivative is evaluated at point M we

find:

asat<Rt”)/as§+I bttt L

= [Cov (8] t*‘) - var® (R Yy1/84® Ry . (3.20)

Next we note that by the chain rule of differentiation the following

holds:

£, t+1 L £+l t+1

as"(r} )/antmt Yy - oreet (RY )/as 11/r0sa" Ry 78871 . (3.21)
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The left-hand side of equation (3.21) is in fact the slope of the curve
BB at point M. Thus, using equations (3.15), (3.18), and (3.20) we can

rewrite equation (3.21):

ERETY - P yssat @YY - EPGHT) - BRGREYyT sab@E s
£ M i M M

.
M

t+1

t,. t+1
v T Var (RM 1. (3.22)

ECcvt(R§+1, R

Clearing fractions in equation (3.22), we obtain the CAPM risk-return

relationship:
i e 2 S DU A2 NP A RN 2 .
EYR, ) = Ry ¢ (EV(R ) - By By ; (3.23)
where
£, t+1 t+1 t, B+l
o - e
8, = Cov (Ri ) By YVar (RM ) . (3.24)

The 8i measures the risk of asset i in the portfolio context. HNote that
since the same derivation is true for each asset i, the risk-return

relationship (3.23) holds for all risky assets.

3.3 Arbitrage Pricing Theory

Following Roll and Ross (1980) and Fogler (1982), the
derivation of the APT begins with the assumption that investors believe
that the returns on the ith asset are generated by a multi-index model

of the form (cf. equation (3.12)):

SEET Lt ot t+1 _ b, ot
Ri = E (Ri )+ b“(F1 E (F] )+ ...
t+1 £, t+1 t+1 s
+ bik(Fk E (Fk ) o+ Uy i=1,...,m; (3.25)
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where Rit*1 is the actual return on asset i in period t+1; Et(ﬂit*‘) is
the expectation at time t of the rate of return on asset i in period
t+1; bjy is the sensitivity of asset i's returns to movements in the
common factor Fy; th+‘ is the actual value of the common factor at time
t+1; ES(F,%*1) is the expectation at time t of the value of the common
factor Fy at time t+1; and uit+1 is the realized error at time t+1, It
is assumed for all i that EP(u;®*') equals zero, and that u;®*! is
uncorrelated with ujt*l, for all i and j. Equation (3.25) says that
investors have an ex ante expected return for asset i, but that
unexpected changes in certain factors may lead to results that are

different from what investors had expected.

Now consider an investor who is currently holding a portfolio
and is considering an alteration to it. Any new portfolio will differ

from the old portfolioc by proportions x = (%1se..4%y) such that:

(Share of asset i held in prospective portfolio)

= ¥j + {share of asset i held in current portfolio) ; (3.26)

b
LoX, =0 . (3.27)

Condition (3.27) says that additional purchases of assets must be
financed by sales of other assets. Portfolios that use no wealth such
as x are called arbitrage portfolios. The additional return

obtainable from altering the current portfolio by x is given by:

x. R, . (3.28)

Substitute equation (3.25) into equation (3.28):
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m m
x-r" . P Et(R?+1) + (Ft*j - Et(Ft+1)) I x. b, Foaus
. 1 i 1 1 i 71
i=1 i=1
om m
t+1 b, B+ - - £+1
v Fy EN(F, )),3 % byt Loxguy . (3.29)

i=1 i=1

The next step is to consider an arbitrage portfolio that has
no systematic risk.! In other words, x is chosen in such a way that
the return on the arbitrage portfolio is unaffected by unexpected

changes in any common factor:

L %X.b. =0 for all v, v=1,...,K. (3.30)

Furthermore, it is assumed that this particular arbitrage portfolio is
well diversified (and so, the number of assets m is relatively large).
From the law of large numbers, the following condition then

holds approximately:

xut oo (3.31)

That is, x is chosen such that the unsystematic risk has been
diversified away.S Thus it is possible to choose arbitrage portfolios
that are free of both systematic and unsystematic risk. Now, substitute
equations (3.30) and (3.31) into equation (3.29):

Et(R§+1) . (3.32)

m
xR"T - Y Xg
i=1

Finally, no portfolio is in equilibrium if it can be improved upon
without incurring additional risk or using additional resources. In

other words, in equilibrium all portfolios of these m assets which
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satisfy the conditions of using no wealth and having no risk must also

earn no return on average:

m
Px EYRYY -0 . (3.33)
-1 i i

i
APT alsc makes a further statement. Consider the set of

values of x which simultaneously satisfy (3.27) and (3.28); i.e.,
consider the set of all arbitrage portfolios with zero systematic risk.
According to APT, such portfolios necessarily are displacements by
proportions x from an optimal portfolio, which can be seen as
follows. Let E be the vector with typical element Et(Rit*1)
(i=1,...,m). Clearly, if XsE were greater than zero, then the
original portfolio could not have been optimal because the displacement
¥ resulted in an expected return higher by x+E without any
increase in systematic risk. Alternatively, if x+<E were negative,
then a displacement of -x would lead to an improvement relative to
the initial portfolio (again, contrary to hypothesis). Accordingly,

X+*E must be zero. In other words, equations (3.27) and (3.28) imply

(3.33).

Conditions (3.27) and (3.28) say that x lies in the
orthogonal complement of the space spanned by the set of vectors B°
= {1, bys ..., byl, where 1 is a vector containing m
units, and the by are the vectors with typical elements bjvy
(i=1,..., my v=1,..., k). Condition (3.33) says that the vector E
is orthogonal to any x under discussion. Then it follows from the
argument in the previous paragraph that E lies in the linear space
which is the orthogonal complement of the orthogonal complement of

Be; i.e., in the space spanned by B° itself. In other words,
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PRI i=1,...,m. (3.30)

U AT Ty e M

ElRy 0 1 Pt
According to Roll and Ross (1980, p.1079), equation (3.34) "is the
central conclusion of APT." If k were equal to 1, equation (3.34) would
be similar to the statement in the CAPM that expected returns are linear
with respect to a security's beta (i.e., higher beta means higher

expected return). The xvtﬂ can be thought of as the market prices for

risk related to the vih factor‘.6

Finally, if there exists a riskless asset with a return Rg,
then by, assuming Rot” = ’\Ot” equation (3.34) becomes a statement

about excess returns:
t, b1 t+1 t+1 £+1 .
E (Ri ) RO = Ai bi1 Foaa. A b i=1,...,m. (3.35)

3.4 A Comparison Between the Multi-Index Model of Asset Returns with
Factors Derived from a CCE Economic Model, CAPM, and APT

Here we first comment about the use of the multi~index model
developed in this paper as compared with the CAPM and the APT. A

synthesis of the three approaches is then presented.

The principal advantage of the approach developed here over
the CAPM is that our approach captures factors, which are omitted by the
CAPM, that are important in determining the returns on assets,
Furthermore, all of the CGE model's behavioural relationships and
accounting identities are encapsulated in the estimates of the factor
loadings. This is a more satisfactory way of estimation, as compared
with just relying on correlations observed in time series. One problem

with the time~series approach of the APT, for example, is that the
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forecast changes in some of the macroeconomic variables may be
unprecedented, (This would have been the case, for example, when

forecasting the price of oil in the early 1970s.)

Sharpe (1984) has developed a synthesis of factor (or
multi~index) models, CAPMs, and the APT. 1In this section we will draw
upon Sharpe's work to explain the conditions under which the multi-index
model developed in this paper, the CAPM, and the APT are consistent

systems.

The first step is to specify the relationship between an

asset's beta and its sensitivities to the factors:
Bi = bi1 BMp * +.. + bik BMk i=1,...,m; (3.36)

where the 8i's and biy's are as defined above; and the sMy's are the
beta values of the factors to changes in the return on the market

portfolio M. The fyy's can be calculated:

1 t
(Rt+1

oh vel,..0,k. (3.37)

v, t+ t+1
B = Cov (Fv , RM )} / Var

Mv

If the assumptions of the CAPM hold then expected returns
must conform to equation (3.23). Furthermore, if returns are generated
by a k-factor model, beta values must conform to equation (3.36). Using
equation (3.36) we can rewrite equation (3.23):

t+1 £+ )

b t+
PETRy ) = By (g Byt e by B

1=1,...,m.  (3.38)

Equation (3.38) can also be written:



Ry t+1 el b
ETRE) = Rt v oy TETRY ) = Ry DB, T+ o
Lot ted ~,
+ bik[(m (RM ) Rp .)BMkJ l—]",','.'m', (3-‘39)

If the conditions required for the APT hold, then equation (3.3%4) must
also apply. Comparing equations (3.33) and (3.39) leads to the

conclusion that:

tel ot (3.40)
AO = RF 3.
and

et bt £+ val,...,k.  (3.41)
T ET Ry ) - RS ey tes

Thus, if equations (3.40) and (3.41) hold, the multi~index model, CAPM,

and APT are consistent.

Finally, note that multi-index equations such as (3.8) are
sometimes referred to as reduced-form equations., The structural~form
equations from which these are derived are the subject matter of the
re .ainder of this paper. However, first we will study some of the
statistical properties of the return-generating process.

3.5 Statistical Properties of the Multi-Index lodel of Asset
Returns with Factors Derived from a CGE Economic Model

In this section we will examine some of the statistical

properties of the return generating process. Recall from equation (3.8)

that:
RO L RE 4y, (F?H - F?) .

i i i1
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t+1

L1 pi) +u] I=1,.,m (3.42)

K
It is assumed that the uit have expectations and own and cross serial

covariances all equal to zero:

Et(uf) = 0 i=1,...,m; for all t; (3.43)

L, b ter
E (ui uy ) =

bl
o

i=1,...,m & v = 0 for all t; (3.44)
and

=0 i, d=1,..0,m5 i =3 &1+ 0 for all t. (3.45)

It is further assumed that the uit are uncorrelated with the factors;

i.e., that:
t, t £ : E
Cov (ui, Fv) = 0 =1, ..,m; v=1,...,k for all t. (3.46)

Equation (3.42) can also be written:
RE*T = pE o guptel - pupt 4 gt ; (3.47)

where RY¥*1 15 ap (mx1) vector of the rates of return of the (m)
assets in period t+1; Rt is an (mx1) vector of the rates of return
of the (m) assets in period t; B is an (mxk) matrix of the
elasticities of the (m) rates of return with respect to each of the (k)
exogenous variables; FE*1 ang Ft are (kx1) vectors of the values
of the (k) exogenous variables in period t+i and t, respectively; and

Ut*? is a (mx1) vector of error terms.
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The {(mx1) vector of the expectations at time t of the rates
of return, Et(RY*T), can be obtained by taking the expectation of

equation (3.47):

EE(RUT) = Y 4 g.pb(rt*l) - .t ; (3.48)

where RY, B, and Ft are as defined above; and EE(Ft*1)
is an (mx1) vector of the expectations at time t of the values of the

factors in period t+1.

The (mxm) variance-covariance matrix of the rates of return

of the (m) assets, CovP(RY*1), can also be calculated from equation

(3.47):

Covb(R¥*1) = B.CovB(Ft*1).B1 + covt(uttl) ; (3.49)

where B is an (mxk) matrix as defined above;B' is the (kxm)
transpose of B; and Covi(ut*l) is an (mxm) matrix of covariances

of residuals,

The matrices on the right-hand-side of equation (3.48) are
estimated as follows. The B matrix is calculated by solving the CGE
economic model for the elasticities of the rates of return on assets
Wwith respect to the exogenous factors. These calculations are explained
in the remainder of this paper. The CovP(F'*1) matrix in (3.29)
must be estimated independently of the CGE economic model. 1In this
paper we will simply assume a given Covi(FE*') matrix. However, in
future work this matrix will be estimated. Finally, for the

illustrative application below, we will assume that Covt(Ut+1) is a
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null matrix; i.e., that the uit*1 in equation (3.42) all are zero.
Note that this last assumption implies that the only uncertainty
captured by equation (3.49) is the component due to uncertainty with
respect to the forecasts of the exogenous factors. However, in
practice, there are other sources of uncertainty such as errors in the
specification of the CGE model, errors in the estimated paramefers of

the CGE model, inherent randomness in the model, ete.7

Before we leave this section it is worth noting that the CGE
model could in future work be used as part of the estimation of the
Covb(yt+ty matrix. For example, given an historical Covt(rt)
matrix and the B matrix calculated from the CGE model, it may
be possible to separate out the systematic component of an historical
covariance matrix Covt(Rt) as foliows. First, the systematic
component, B-Covt(Ft)-B', would be calculated (doubtless under some
specific stationarity assumptions). Then following equation (3.49), the
systematic component would be subtracted from Covt(Rt) to produce an

estimate of the matrix Covbt(ut),
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4, A STYLIZED CGE MODEL OF THE AUSTRALIAN ECONOMY

In this section we will briefly describe a CGE model of the
Australian economy. As this paper is largely concerned with developing
and illustrating new techniques, the CGE model is highly stylized. This
allows attention to be focused on mechanisms which are key to the
purposes at hand without the distraction of excessive dimensionality.
Also contained in this section is a discussion of the economic
environment assumed for the simulations with the model. Finally, an
analysis is presented of some elasticities computed with the stylized

CGE model.

4.1 MO87: A Three-Sector Miniature ORANI Model

The ORANI model, developed by Dixon, Parmenter, Sutton, and
Vincent (1982), is a very detailed CGE model of the Australian economy .
For this paper a miniature version of the ORANI model, MO87, has been
developed as a vehicle for generating portfolio~analytic decision rules
within a CGE framework. MO087 is capable of providing estimates of the
elasticities of rates of return on capital for industries with
fundamentally differing commercial exposures (exporting,
importecompeting, non-traded) with respect to exogenous variables of
interest (e.g., terms of trade, tariffs, aggregate demand). The MO87
model is fully documented in Higgs (1987a); here we will briefly

describe some of its features.

The theoretical structure of MO87 consists of a set of
equations, These fall into groups: (a) representing household and

other final demands for commodities; (b) describing demands for
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intermediate and primary-factor inputs; (c) relating commodity prices to
costs; (d) specifying market clearing conditions for primary factors and
commodities; and (e) defining miscellaneous aggregate variables and
indexes. MO87 distinguishes six commodities, of which three are
produced domestically and three are imported, plus two primary factors,
labour and capital. The domestic commodities are assumed to be produced
by three single-product industries representative of the export,
import-competing, and non-traded areas of the economy. There are three
sources of final demands modelled here: investment, household

consumption, and exports.

The MO87 model is calibrated using an aggregated version of
the 1978-79 Australian input-output table; see Australian Bureau of
Statisties (1984), Finally, the model is solved in a linearized form
(following Johansen (1960)) using the GEMPACK suite of general purpose

software for CGE models; see Pearson {forthcoming).

4.2 Assumed Economic Environment

Certain features of the economy are not projected
endogenously by MO87. For these, the user of the model must specify an
environment (i.e., closure of the model) before compgting a solution.
In other words, there are more variables than equations in the model;
therefore, the user must set values for some of the variables
exogenously so that the number of unknown variables equals the number of

equations.

The economic envirconment assumed here has the following key

aspects.8 The industry capital stocks are set exogenously. This choice
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can serve to define the time-period of the model's projections. For
example, setting industry capital stocks exogenously at zero change
defines a short-run simulation, the length of which has been estimated

for the ORANI model by Cooper (1983) as about 2 years,

The second key exogenous variable is the nominal exchange
rate, This variable acts as the numeraire. Note that a typical CGE
model will have mechanisms which determine changes in the real exchange
rate, but will lack mechanisms suitable for partitioning such variation
into changes in the domestic inflation rate (relative to the overseas
rate) on the one hand, and changes in the nominal exchange rate on the
other, With the nominal exchange rate as the numeraire, changes in
domestic price indices can be interpreted as changes in domestic

relative to world prices.

The third key group of exogenous variables are the tariffs or
tariff equivalents of quantitative restrictions on imports. By making
tariffs exogenous we can compute the effects of exogenously projected

changes in the government's policy on protection.

The fourth key exogenous variable is real absorption (i.e.,
aggregate consumption plus aggregate investment deflated by the
appropriate price indices). In this case the CGE model indicates, among
other things, the change in the balance of trade that would be required

to maintain a projected target level for real absorption.

The final exogenous variables of interest are world prices,
Here we allow for the calculation of the effects of exogenously

projected movements in the terms of trade.
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.3 Projections

In this section we will use MOB7 to study the effects of
inereases in the world price of Australia's exports, tariffs, real
absorption, and the nominal exchange rate on Some MACroeconomic

variables, industry outputs, rental rates and creation costs of capital,

4.3.1 Macroeconomic and Industry Output Projections

The short-run (two-year) elasticities of some macroeconomi e
variables and industry outputs with respect to a one per cent increase
in the world price of fustralia's exports, tariffs, real absorption, and
the nominal exchange rate are given in Table 4.1. Each of the exogenous

shocks will be discussed in turn.

The first column shows the effects of a one per cent increase
in the world price of Australia‘'s exports {at initial export levels).
This price rise causes an increase in both Australia's exports and the
output of the export industry. The world price rise is inflationary and
results in an appreciation of the real exchange rate.9 The
international competitiveness of the import-competing sector
deteriorates. 4s a result, aggregate imports are projected to increase
and the output of the import-competing industry contracts. The
improvement in export prices causes a net improvement in the balance of
trade. Finally, aggregate employment and the output of the non-traded

industry are projected to increase slightly.
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TABLE 4,1: MACROECONOMIC AND INDUSTRY OUTPUT PROJECTIONS*

One per cent increase in:

World Price  Ad Valorem Real Nominal
Variable of Exports Tariffs Absorption Exchange Rate
Py t ag @
Macroeconomic
Real exchange rate 0.2526 0.1366 0.8253 0.0G000
Aggregate exports 1.0507 ~0.0665 -0, 4905 06.0000
(foreign currency value)
Aggregate imports 0.2529 -0.0265 1. 4083 0.0000
(foreign currency value)
Balance of trade 0.0011 ~0.0000 ~0.0038 0.06000
Aggregate employment 0.1042 ~0.0201 0.8034 0.0000
Industry Outputs
1.  Export 0.5192 ~0.0936 ~0.2781 0.0000
2. Import-competing -0.0419 0.0168 0.56U7 0.0000
3. Non-traded 0.0187 ~0.0072 0.7717 0.0000

* All projections, with the exception of the balance of trade, are percentage
deviations from the value the variable would have taken in the absence of the
shoek at the head of each column, The balance of trade, while also a deviation
from control, is the change in the balance of trade as a share of base-~period GDP.
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A one per cent increase in tariffs causes an increase in the
price of imported goods, which in turn is inflationary and results in an
appreciation of the real exchange rate. The international
competitiveness of the traded industries deteriorates, Aggregate
exports decline as does the output of the export industry. However, as
protection from import competition has increased, aggregate imports
decline and the output of the import~competing industry increases. The
net effect is for a very small decline in the balance of trade. This in
turn results in small decreases in both aggregate employment and the

output of the non-traded industry.

The third column of Table 4.1 shows the effects of a one per
cent increase in real absorption (i.e., in real aggregate demand). An
increase in real absorption is inflationary, causing an appreciation of
the real exchange rate. The decline in the international
competitiveness of the trading industries results in a fall in aggregate
exports, a contraction in the output of the export industry, and an
increase in aggregate imports. However, the output of the
import-competing industry is projected to increase. This is because the
expansionary effects of the increase in real demand outstrip the

contractionary consequences of the loss in competitiveness,

The last column of Table 4.1 shows the effects of a one per
cent increase in the nominal exchange rate, If wages are assumed to be
100 per cent indexed to the consumer price index, as they are here, then
a one per cent increase in the nominal exchange rate (i.e., the
numeraire) causes a one per cent increase in all prices. However, as
there are no changes in relative prices, a one per cent increase in the

nominal exchange rate causes zero change in all real variables. For



36

example, although the selling price of each industry rises by one per
cent, this is exactly matched by the increase in its unit cost, thus

leaving outputs unchanged.

Finally, note that the elasticities in Table 4.1 are
qualitatively similar to those computed by the ORANI model; see, for

example, Dixon, Powell, and Parmenter (1979) and Higgs (1986).

4.3.2 Projections of Rental Prices and Creation Costs of Capital

The short-run (two-year) elasticities of rental values
and creation costs of capital with respect to a one per cent increase in
the world price of Australia's exports, tariffs, real absorption, and
the nominal exchange rate are given in Table 4.2, These elasticities
can be explained as follows. First we note that since the sizes of the
capital stocks in use in each industry are exogenous in the assumed
economic environment, none of the shocks under discussion have any
effect on them. Recall from Table 4.1 that an increase in tariffs, for
example, causes a decline in the output of the export industry. As
capital does not respond to this shock, the decline in output occurs via
a reduction in the use of the variable primary factor (labour). This
causes an increase in the capital-labour ratio in the export industry.
As capital is now relatively abundant, the marginal physical product of
capital in the export industry falls. This causes a decline in the
marginal product of capital and thus the rental rate on capital in the
export industry falls (see Table 4.2). The increase in tariffs causes
an increase in the output of the import-competing industry, and hence an
increase in its rental rate on capital. Finally, the increase in

tariffs causes a fall in the output of the non-traded industry. This
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TABLE 4.2: PROJECTIONS OF RENTAL PRICES AND CREATION COSTS OF CAPITAL BY INDUSTRIES®

One per cent increase in:

World Price Ad Valorem Real Nominal
Variable of Exports Tariffs Absorption Exchange Rate
Py t ap -]

Rental Rates on Capital, px;
1. Export 1.1651 ~0.0279 0.3365 1.0000
2. Import-competing 0.2018 0.1570 1.5094 1.0000
3. Hon-traded 0.2777 0.1270 1.8583 1.0000
Creation Costs of Capital, mwx;
1. Export 0.2262 0. 1497 0.6921 1.0000
2. Import-competing 0.1867 0.1605 0.6141 1.0000
3. Non-traded 0.2261 0.1452 0.8362 1.0000

* All projections are percentage deviations from what the variable in question
would have been in the absence of the shock at the head of the column.
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results in an increase in the capital-labour ratio in this industry, and
a fall in the marginal physical product of capital. However, the price
of the output of the non-traded industry increases by more than the
fall in the marginal physicalvproduct of capital, and the net effect is
an increase in the marginal value product of capital. Thus the rental

rate on capital in the non-traded industry increases (see Table 4.2).

An increase in tariffs causes an increase in the price of
imported goods. This is inflationary and results in an increase in the
creation costs of capital in each of the industries (see Table 4.2). As
a unit of capital in the import-competing sector uses slightly more
imports (relative to domestically produced inputs) than does capital in
the other industries, there is a slightly greater projected increase in

the creation cost of capital in the import-competing industry.

The elasticities with respect to an increase in the world
price of Australia's exports, real absorption and the nominal exchange
rate, listed in Table 4.2, can also be explained by appealing to
arguments similar to those above. It is shown in section 5 how
these elasticities can be used to produce forecasts of industry rates of

return on capital.
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5. INDUSTRY RATES OF RETUEN GN CAPITAL

This section contains two parts. The first defines industry

rates of return on capital. The second calculates the base-pericd rates

of return for the industries in the CGE model.

5.1 Definition of Rates of Return by Industry

The rate of return on capital is defined in this paper by the
following thought experiment. At instant t a unit of capital stock in
industry j is purchased which is held for & years., During this period,
a rental is earned; however the physical quantity of capital left from
the initial purchase has declined due to depreciation. The remainder is
s0ld at the market price of capital goods at instant t+%. Note that it
is assumed (i) that there are no margins separating the sale and
purchase prices of second-hand assets; and (ii) that there is no
difference between the price of a unit of second-hand capital and the
price of a unit of new capital with the same productive capacity.‘O The
average annual rate of return is then defined as the sum of the average
annual rental received plus the average capital gain per annum all

divided by the initial purchase price.

Let R*Jt denote the average annual rate of return on a unit of
capital in industry j over the period beginning at instant t-§ and

ending at instant t:

t-%
%

t

Ry

= Eij(1 - ng)/n

LIPS  H (5.1)

- ~4 .
oA Q - aaf ) - n,fjg)/czsAij ) 3
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where ;;jt is the average annual flow of rentals on a unit of

capital in industry j over the period t=f to t; 1*jt is the ratio of
taxes paid over the period t-% to t to the rentals earned over that
period -~ hereafter referred to as the average annual tax rate on the
rental earned by a unit of Eapital in industry j over the period t-£ to
L H*jt’z and H*jt are the creation costs of a unit of capital in
industry j at te% and t, respectively; d*Jt is the depreciation rate on
a unit of capital in industry j over the period t-g to t; and £ is the
number of years between t-% and t. According to equation (5.1) the
rate of return consists of a rental component plus a capital gains

component .

Consider the following numerical example. Assume for the
moment that % equals one year and that at instant t~1 it costs $100 to
buy a unit of capital in industry j (i.e., H*jt"l = $100). Over the
period t~1 to t this unit of capital earned $20 in rentals (i.e.,
;*jt = $20); however this was taxed at a rate of 20 per cent (i.e.,
T*jt = 0.20). Thus, the after~tax rental component contributes 16
percentage points to the rate of return (i.e;, 100 x $20 (1 -
0.20)/$100), Furthermore, the value of a new unit of capital increased
to $120 (i.e., H*jt = $120); however the unit of capital bought at t-1
has depreciated by 5 per cent {(i.e., d*jt = 0,05). Thus the capital
gain contributes 14 percentage points to the rate of return (i.e., 100 x
($120(1 = 0.05) = $100)/$100).17 Therefore the rate of return on a unit

of capital in industry j over the period t~1 to t is 30 per cent.

Next we note that the rate of return on capital in industry j

over the period t to t+%, R*Jt*l, can be calculated as:
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t+g t t
Ry.” = RS, + AR.,
*J *j *j

J=t,..0,0; (5.2)
where AR*jt is the change in the rate of return on capital in industry j
between the period t~% to t and the period t to t+2. It is possible to

approximate AR*J-‘? by totally differentiating equation (5.1):12

100AR§j - Bﬁj an . wfj ﬁ:j + nf}ﬁ Y:J

+ 1008ty Ay; + 1008dy vy Flyeenn (5.3)

where

oy - By (- w )/ i) URREI
Bey = (1 - 24y Iy, / g h) C iheeam (5.5)
Yo - “ayy By Flm(5.6)
M - by v My R I P C 0
wﬁj = -l / ni}l Celeeone o (5.8)

The above notation can be explair.led as follows. The lower‘;-case
variables are the percentage changes beiween the period t-% to t and the
period t to t+l in the respective upper-case variables; and IOOAR*J-C,
100A1gjt, and 100Ad*3t are the percentage~point changes in the rate of
return on capital, the tax rate, and the depreciation rate,

respectively.

It should be noted that the percentage change in the average

annual flow of rentals between the period t-% to t and the pericd t to

t+4, p*jt, is not the same as the percentage change in the annual



42

flow of rentals as computed by the CGE model, p*jt. The latter is
strictly interpreted as the percentage change in the value of the annual
rental rate, P*jT, which has accrued up to the instant t+2.13 To
calculate the rate of return over the perioq t to t+%, however, we
require the perceniage change in the average value of the variable
P*jT over the interval (rather than its terminal value). In this
paper 1t is assumed that P*jT adjusts at a constant rate over the
period t to t+%; see Figure 5.1. Thus the percentage change in the
average annual flow of rentalé over the period t to t+& can be

calculated as:

-t t ’ .
p*J = p*j /L J=1,...,0; (5.9)

where L=2. This is only one of a whole range of assumptioﬁs that could
be made. For example, P*jf may adjust very quickly such that
;*jt is approximately equal to p*jt(b=1); To take the other

extreme, P*jT may adjust very slowly such that ;*jt is

approximately equal to zero (L+=). In future work it may be possible to
empirically determine the correct assumption to make concerning the
adjustment path (i.e., to estimate L); see Cooper, McLaren, and Powell

(1985) for related work on this issue.

In the next step (5.9) is used to express equation (5.3)

wholly in terms of the variables projected by the CGE model:

t t ot t ot -2t
1OOAR*j = p*ja*j/L + ﬂ*jB*j + Txj Y*j

t .t t ot
+ 10081, Ay 5+ 100Ad, 4 Wy 5 j=t,...,n.  (5.10)
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FIGURE 5.1: THE ASSUMED DYNAMICS OF THE PROJECTED
CHANGE IN RENTALS IN THE CGE MODEL
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As we usually only observe a price times a quantity in the data, to
implement equation (5.10) the coefficients a*Jt, B*Jt, Y*jt, A*jt, and

w*Jt can be calculated as follows:

an; = Paykey (- 2wt rGh Joleeeom (5.1
85y = (- agong k2 ant kh V Jeleeooms (5.12)
Yoy ek By ST (5.13)
My - Py Ky at h Jelseeoms (5.10)
O M Sl o) J=1,...m.  (5.15)

In the above equations, K*jf is the size of the capital stock in use
in industry j during the period beginning at instant 1 (t=t-%, t)}.
Equations (5.11) to (5.15) are based on the following two assumptions.
The first is that at t we can observe the replacement value of the
initial capital stock, H*j K*jt°2. The second assumption concerns
the timing of physical depreciation of tﬁe capital stock. Here we
assume that all of the depreciation ld*jt K*Jt‘l ocgurs just before
the instant t; see Figure 5.2. As a result of this last assumption,
the average annual revenue that is earned over the period t-2 to ¢t is
equal to the product of the initial capital stock and the average annual

rental earned over the period t-% to t, E*jtK*jt’g.

Equation (5.10) can be illustrated by considering two

consecutive intervals of time -- see Table 5.1. Again we will assume
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TABLE 5.1: NUMERICAL EXAMPLE TO ILLUSTRATE HOW INDUSTRY
RATES OF RETURN ARE CALCULATED

1. Variables defined as stocks

at a given point of time

Creation cost of capital, T*jKj

2, Variable defined as average

fiows over periods

Rental earned on capital, P*jK*j

Tax rate on rentals, ™*j
%m@ﬂaﬁonr&e,dﬁ
Rmeofrawm,Rﬁ

Instants
£~1 L £+
$100 $120 $160
Period
(t-1 to t) (t to t+1)
$20 $30
0.20 0.15
0.05 0.05
0.30 0.48

3. Variables defined as percentage

changes in stocks

Between Instants

(t-1 and t) (t and t+1)

Percentage changes in creation costs,nxj

20 33.33

4, Variables defined as differences between periods (t-1 to t) and
(t to t+1) of flow variables defined in 2 above

Percentage change in rental rates, p¥*j 50
Percentage-point change in tax rate, 10047t%j -5
Percentage-point change in depreciation rate, 100Adx j 0
5. Coefficients
((a)

a%j 0.16
gxj () 1.14
Y*j(c; -1.30
aey(d -0.20
yx &) -1.20
Percentage-point change in

the rate of return, 1004Rx j

- actual 18.00

- estimated using equation (5.2) 21.00

(a) See equation (5.11).
(b) See equation (5.12).
(¢) See equation (5.13).
(d) See equation (5.14).
(e) See equation (5.15).
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that & equals one year. Recall from the example above that the rate of
return over the period t~1 to t was 30 per cent (i.e., R*jt = 0,30).
Now assume that at instant t a producer in industry j buys $120 worth of
capital (i.e., n*jtK*jt = $120). Over the period t to t+1 this capital
earns $30 in rentals (i.e., P*jt”}(*jt = $30); however this is taxed at
a rate of 15 per cent (i.e., nsjt” = 0,15)., Next we assume that at
instant t+1 the replacement value of the capital increases to $160
(i.e., n*jt”Kujt = $160); however the capital bought at time t has

depreciated by 5 per cent (i.e., d*jt” = 0.05).

According to equation (5.1), the above producer over the
period t to t+1 earns a rate of return of 48 per cent. This rate of
return can also be calculated, subject to linearization errors, using
equations (5.2) and (5.10). The percentage changes p*Jt, ﬂ'*jt-ll, ”J.t'
the percentage-point changes TOOAHJC, -100Ad*jt, and the coefficients
a*jt, B*jt, Y*Jt, /\*jt, and w*jt can all be caleculated from the above
data and they are listed in Table 5.1. If these values are substituted
into equation (5.10) the change in the rate of return over the period t
to t+1 is equal to 0.21. Thus according to equation (5.2) the rate of
return on capital industry j over the period t to t+1 is equal to 51 per
cent (i.e., 0.30 + 0.21), which is fairly close to the actual rate of

return of 48 per cent.

Next we note that for industry j the percentage change in the
rental between the periods t-% to t and t to t+% and the percentage
change in the creation costs of capital between instants t and t+f are
estimated by ‘the CGE model as:

t
k

t t
Pgs = 0 £+ ..+
J P*JF1 1 P*ij

£ J=t,eee,n; (5.16)
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t t t
Ty =M o+ .00+ f J=t,...,m (5.17)
*3 u*jF1 1 H*ij ! ’
where Ty and n“ ¥ are the elasticites of the rental and creation
%4 %4
J v Jv

cost, respectively, in ihdustry J with respect to the yth exogenous
variable (i.e., factor); and fvt is the percentage change in the vth
exogenous variable over the period t to t+%. Equations (5.16) and

(5.17) can be substituted intoc equation (5.10):

K
£ t ¢ t
1004Ry . = (ag /L) | n £
J J ve1 P*ij v
K .
¢ L t s
ey Loy o p o C*j J=1, 000,05 (5.18)
¥ ov=1 *jv
where:
t t-% Lt t t t t 5
Cxj = Txj Yay * 100875 Ayy + 1008d,, U J=1,...,n. (5.19)

Fote that we assume that nﬁ}z, ATEJ, and Ad;“j are known from the data
base,

Finally, we can substitute equation (5.18) into equation
(5.2):

g t t t t Wb t . .
1OGR*j = 100R*j * C*‘j + B*j1 f] LA S b*jk fk J=1,...,m; (5.20)
where

t t t
B,. = {a,./L)n + B, N N j=1 .y n
* * * + r
Jv J P*ij J n*jgv

v=1,...,K. (5.21)
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The similarity between (5.20) and the return generating process as
expressed in section 3, equation (3.8), can be clearly seen if we

rewrite equation (5.20) as:

L+ t v t t+8 t

100R*J = ‘iOOR%j + C*j + b*j1 (F1 - F1) ..
‘t L+ t L+l c .
+ b*jk(Fk - Fk) + u*j J=1,...,n03 (5.22)
where
t t t .t : io
b*jv B*jva Fv/100 J=1,..,n

v=1, .00,k (5.23)
Two final points can be made concerning equation (5.22). The firét is
that it contains the term uxj%*% which is the realized error at time
t+L. The second concerns the role of the term Cyx;%. This term is
implicitly contained in equation (3.8), where the factors contributing
to it are changes in: the creation costs of capital over the period t-4i
to t, the tax rate over the period t to t+f, and the depreciation rate

over the period t to t+f. 14

5.2 Calculation of the Rates of Return by Industry in the CGE Model

In this section we calculate the rate of return and the values
of the C«jt's and the B;jvt's for the industries in the CGE model. To
do this particular care must be taken of the length of the solution

period of the CGE model.

Recall from section 4,2 that the economic environment chosen
for the simulations presented in this paper was one where industry

capital stocks are exogenous. Cooper (1983) has estimated that this
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closure produces projections which pertain to the values of the
endogenous variables about two years after the introduction of shocks in
the exogenous variables (i.e., 2=2). Following equation (5.1), the
average annual rate of return on capital in industry j over the period

t-2 to t, R*jt, is given by:

St st t Lt-2
Ry = P*j(l - T*j) / Ty
G 24y ) = 1%/ (2n; %) J=l,.em (5.24)

where ;*jt is the annual average flow of rentals on a unit of
capital in industry j over the period t~2 to t; r*jt is the. annual
average tax rate on the rental earned by a unit of capital in industry j
over the period t-2 to t; n*jt"2 and H*Jt are the creation costs of a
unit of capital in industry j at time t-2 and t, respectively; and d*jt
is the annual average depreciation rate on capital in industry j over
the perioca t-2 and t. Note that we have assumed that the depreciation
Zd;jt occurs just before the point in time t (see Figure 5.2).
Futhermore, as we usually only observe a price times a quantity in the

data, equation (5.24) can also be written:

b Bt -2 t-2,t-2
Ry, = K 1~ /
*3 *J *j ( T* ) (H *3 )
t o te2 t t-2,t=2 t-2, n 2 5
+ (I 5% %5 (1 - 2d*j) = My Ke PRV -3 1 £y K ) J=l,...,n; (5.25)

where K*Jt -2 is the capital stock in 1ndustry J .at instant t-2., Similar
to equations (5.11) to (5.15) above, we are assuming that at time ¢ it
is possible to observe the replacement value of the initial capital

stock, lix;t Kieyt=2,

The base-period data concerning the capital stocks of the

industries in the CGE model are given in Table 5.2. It can be seen from
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TABLE 5.2: RATES OF RETURN BY INDUSTRY IN THE CGE MODEL

Industry
Variable

1. Export 2. Import—~Competing 3. Non-Traded
Average annual rental earned
on capital '’ Eﬁjxﬁf $ 6,159m $ 3,187n $ 18,144m
Creation cost of capital,(b)
nﬁgz K:;Z $18,420m $11,15%m $ 92,016m
t t-2
n‘jK*J $22,811m $13,857m $113,400m
Average tax rate on
rentals,(C) T*j 0.20 0.20 0.20

) (q)

Average depreciation rate,
dij 0.07 0.08 0.06
Rate of return,‘®) g%, 0.30 0.25 0.20

®3

(a) Measured at 1978-79 prices; source Higgs (1987a).

(b) Measured at 1978~79 prices. Note that the values of the capital stock at time t-2
were calibrated to achieve the rates of return shown in this table.

(c) This rate has been chosen for illustrative purposes. However, note that the
effective capital income tax rate, defined as the ratio of taxes on profits and
self-employment to pre-tax gross operating surplus, for 1984-85 was 16 per cent;
see Meagher and Parmenter (1987).

(d) Based on estimates contained in Bruce and Horridge (1986).

(e) See equation (5.25).
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the table that the rates of return in the export, import-competing, and
non-traded industries are assumed to be 30 per cent, 25 per cent, and 20
per cent, respectively.15 Given the data in Table 5.2, it is possible
to calculate the coefficients, a*jt, B*jt, Y*jt, A*jt, and wxjt, and the
observed percentage change in the creation cost of capital, w*jt‘z; see
Table 5.3. Table 5.3 also contains the projected percentage-point
changes In tax rates and depreciation rates. Given the above
coefficients and projections we ean substitute these into equation
(5.19) to calculate the values of the C*jt's; see the bottom row of

Table 5.3.

Finally, the values of the industry factor sensitivity
coefficients (i.e., the B*jvt's) are calculated by substituting the
values of the coefficients u*jt and B*jt and the appropriate
elasticities into equation (5.21); see Table 5.4. For example, the
coefficient for thne export industry with respect to the world price of
exports is calculated as follows. From Table 5.3 we know that for the
export industry’cz*jt and S*jt are equal to 0.2675 and 0.4300,
respectively. Furthermore, recall from Table 4.2 that the elasticities
of the rental réte and the creation costs of capital in the export
industry with respect to an increase in the world price of exports are
1.1651 and 0.2262, respectively. Finally, the adjustment coefficient
in equation (5.9) is taken to be two (i.e., L = 2). If these values are
substituted into equation (5.21) we find that the coefficient for the
export industry with respect to the world price of exports is equal to

0.2530 (i.e., (0.2675/2) = 1.1651 + 0.U300 x 0.2262).
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TABLE 5.3: COEFFICIENTS IMPLIED BY THE BASE~PERIOD
INDUSTRY DATA AND ASSUMED DEVELOPMENTS
IN INDUSTRY TAX AND DEPRECIATION RATES

Industry
Coefficient/Variable
1. Export 2. Import~ 3. Non-Traded
Competing
a:j(a) 0.2675 0.2285 0.1577
eﬁj(b) 0.4300 0.4200 0. 4400
Y, (e) ~0.6975 -0.6485 ~0.5977
xﬁj‘d) -0.3343 -0, 2855 -0.1971
wﬁj(e) ~1.2383 -1.2417 -1.2323
t-2
" 23.8382 24,1778 23.239)
AT:J 0.0000 0.0000 0.0000
ady, 0.0000 0.0000 0.0000
cﬁj‘f) -16.6271 -15.6793 -13.8902
(a) See equation (5.11).

(b) See
(e) See
(d) See
(e) See
(f) See

equation (5.12).
equation (5.13).
equation (5.1%4).
equation (5.15).
equation (5.19).
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TABLE 5.4: INDUSTRY FACTOR SENSITIVITY COEFFICIENTS™

Industry
Factor
t. Export 2. Import-— 3. Non-Traded
Competing
World price of exports, py 0.2530 0.1014 0.1213
A¢ valorem tariffs, t 0.0606 0.0853 0.0739
Real absorption, ap 0.3426 0.4303 0.5144
Nominal exchange rate, ¢ 0.5637 0.5342 0.5188

* That is, the B*jvt coefficients; see equation (5.21).
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in equation (5.9) is taken to be two (i.e., L = 2). If these values are
substituted into equation (5.21) we find that the coefficient for the
export industry with respect to the world price of exports is equal to

0.2530 (i.e., (0.2675/2) = 1.1651 + 0,4300 x 0.2262).
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6. INDUSTRY FORECASTS

In this section it is shown how a CGE model can be used for
forecasting industry rates of return on capital. To forecast with a CGE
model first requires scenarios to be specified, from outside of the CGE
model, about future developments in the exogenous variables. These
scenarios together‘ with the appropriate elasticities are then used to
produce forecasts of rates of return on capital in each industry. Note
that the only uncertainty captured by the forecasts is with respect to
future developments in the exogenous variables. However, in practice
there are other sources of uncertainty such as errors in the
specification of the CGE model, errors in the estimated parameters of
the CGE model, inherent randomness in the model, etc; see Higgs and

Powell {(forthcoming).

6.1 Future Developments in the Exogenous Variables

Tc forecast with a CGE model, the future developments in all
the exogenous variables must be specified. For illustrative purposes,
however, we Wwill specify changes in just a few of Lhe exogenocus
variables. First,we will assume that there will be a decline in
Australia's terms of trade over the next two years. In particular we
expect the foreign currency price of Australia’s exports to decline by
40 per cent with a probability of 0.2, by 30 per cent with a probability
of 0.6, and by 20 per cent with a probability of 0.2. Next,we assume
that tariffs will be reduced by 80 per cent with a probability of 0.3,
by 60 per cent with a probability of 0.4, and by 40 per cent with a
probability of 0.3. These probabilities indicate that we are not very

confident about the exact size of the tariff cut. However,it is assumed
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that we have to be able to deduce from some source (say government
announcements) that there will be significant tariff cuts somewhere
between 40 and 80 per cent. We assume that real absorption will
increase over two years by 6.0 per cent with a probability of 0.1,‘by
7.0 per cent with a probability of 0.8, and by 8.0 per cent with a
probability of 0.1. Note that our relative confidence about the
forecasts for real absorption is only assumed for illustrative purposes.
In practice we would probably be more uncertain about our real
absorption forecast. To simplify the analysis we will assume that, with
the exception of the nominal exchange rate, all other exogenous
variables are forecast to remain unchanged with a probability of one.
It is assumed that the nominal exchange rate will depreciate by 40 per
cent with a probability of one. This last assumption is made to
generate sufficient inflation to ensure that projected nominal rates of
return lie in a range comparable to that of their initial values.!®
This admitedly artificial procedure is adopted for presentational
reasons only; in a realistic simulation the introduction of changes in
all or most of the exogenous variables would ensure that the initial and
projected values of rates of return remained in broadly comparable
ranges without the very high rates of inflation implied above. Finally,
it is assumed that the future developments in the exogenous variables
are uncorrelated.!'? The above future developments in the exogenous

variables are summarized in Table 6.1.

Note that the above percentage changes in the exogenous
variables are assumed to occur instantaneously just before the start of
the two~year projection period, and to be sustained throughout the full
two year period. If we did not expect the future developments in

exogenous variables to take this form, then the changes in them can be
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TABLE 6.%: FUTURE DEVELOPMENTS IN THE EXOGENOUS VARIABLES®

World Price Ad Valorem Real
of Exports Tariffs Absorption
Py t 3R

Percentage Probability Percentage Probability Percentage Probability

change change change

~40.0 0.2 ~80.0 0.3 6.0 0,1

~30.0 0.6 ~-60.0 0.4 7.0 0.8

~20.0 0.2 ~40.0 0.3 8.0 0.1
1.0 1.0 1.0

¥ With the exception of the nominal exchange rate, all other exogenous
variables ase assanzd to c~emaln unchanged with a provabillity of one.
Tt 1s assumed that the nominal exchange rate depreciates by 40 per
cent with a probablility of one.
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converted (i.e., temporally aggregated) into equivalent two-year
sustained shocks. A method for making this conversion has been

developed by Cooper, McLaren, and Powell (1985),

The future developments in the exogenous variables listed in
Table 6.1 give rise to 27 scenarios (i.e., 3x3x3); see Table 6.2. For
example, the first scenario is when the low world price change occurs
Wwith the low tariff cut and the low real absorption increase, etc. Note
that since the future developments in the exogenous variables are
assumed here to be uncorrelated, the probability of a scenario occurring
is simply given by the multiplication of the probabilities for the

individual settings of the exogenous variables.

6.2 Industry Forecasts

It is now possible to forecast industry rates of return on
capital. Following from equations (3.8) and (5.20), the annual average
rate of return on capital in industry j over the period t to t+2 given
the future developments of scenario s, R*jt*zss, can be written:

t+2,s t t t,s

t
100R,§% = 100R, + cy ¢ By 1T h
+ By, 0% e uftes J=1,...,n
J J s=1,...,Q; (6.1)

where fht,s is the sustained percentage change in the nth exogenocus
factor occurring at instant t and persisting at least until t+2 given
scenario s; Us § £¥2,8 i5 the error term associated with the jth industry
in period t+2 given scenario s; and R*jt, C*jt, and the Bxj yt's are as

defined above by equations (5.1), (5.19) and (5.21), respectively.
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TABLE 6.2 : ECONOMIC SCENARIOS AND THEIR ASSOCIATED PROBABILITIES

Forecast Probability Forecast Probability Forecast Probability Probabllivy
percentage of the percentage of percentage of Real of the
Scenarlo  change (n World Price change in Tariff change change in Absorption Scenarto
the World of Exports Ad Valorem Forecast Real Forecast Occurring
Price of Forecast Tariffs Absorption
Exports
[ t : TR
{1} {11 §598] v} [yl fvi} (vir} £11I3 ~ [¥] < [VIL]
LiL:L? -4g.0 2.2 -80.0 0.3 6.0 a.1 0.006
Gel:¥ ~40.0 0.2 -80.0 0.3 7.0 0.8 0.048
Lebsh ~h0.0 0.2 -80.0 0.3 8.0 0.1 0.006
LaM:L ~40.0 0.2 ~60.0 0.4 6.0 0.1 0.008
LiM:d -40.0 0.2 -60.0 0.8 7.0 0.8 0,064
LiM:H ~40.0 6.2 ~60.0 0.4 8.0 0.1 0.008
Lih:L ~4g.0 .2 -40.0 0.3 6.0 0.1 0.006
L:HiM -40.0 0.2 ~40.0 0.3 7.0 0.8 0.048
LiH:H -40.0 0.2 -40.0 0.3 8.0 0.1 0.006
M:L:L ~30.0 0.6 -80.0 0.3 6.0 0.t 0,018
Mil:M -30.0 0.6 ~80.0 0.3 7.0 0.8 a.144
MiLiH -30.0 0.6 -80.0 0.3 8.0 g.1 9.018
MiM:L ~30.0 0.6 ~60.0 0.4 6.0 0.1 G.024
MisM ~30.0 0.6 ~60.0 0.5 7.0 0.8 0.192
Mil:H -30.0 0.6 -60.0 .4 8.0 0.1 0.024
MiH:L =-30.0 0.6 -40.0 0.3 6.0 .1 0.018
MiH:H ~30.0 0.6 ~40.0 0.3 7.0 0.8 0,144
M:H:H -30.0 0.6 k0.0 0.3 8.0 0.1 0.018
H:beel ~20.0 g.2 ~80.0 6.3 6.0 0.1 3.006
HiliM -20.0 0.2 ~80.0 0.3 7.0 0.8 0,048
HiloeH =20.0 G.2 -80.0 0.3 8.0 G.1 0.006
H:iM:L =20.0 0.2 -60.0 0.4 6.0 0.1 0.008
HiM:H ~20.0 0.2 -60.0 0.4 7.0 0.8 0.064
HiM:H -20.0 0.2 ~60.0 o.4 8.0 0.1 0.008
HiH:L -20.0 0.2 -40.0 0.3 6.0 0.1 0.006
Hil:M ~20.0 0.2 ~%0.0 0.3 7.0 0.8 0.048
Hatsl ~20.0 0.2 -40.0 0.3 8.0 0.1 9;922
1.000

In all of the scenarios it is assumed with a probabllity of one that the nomin
© exogenous varlables (except for those mentioned in

dape

this

L

eclales by U per cent and all othe
table) remain unchanged.

Low, M = Medium, H = High.

al exchange rate



To illustrate equation (6.1), we will compute the rate of
return on capital in the export industry if the first scenario were to
occur. Note that the Cxj® and the Bsxjy®'s are listed in Tables 5.3 and
5.4, respectively. Recall from Table 6.2 that the first scenario
consists of a 40 per cent decline in the world price of Australia’s
exports, an 80 per cent across-the-board tariff cut, a 6 per cent
increase in real absorption, a 40 per cent depreciation in the nominal
exchange rate and no change in the remaining exogenous variables. A 40
per cent decline in the world price of Australia's exports would cause a
10.12 percentage-point decline in the rate of return in the export
industry (i.e., 0.2530 = -40). An 80 per cent across-the-board tariff
cut would cause a 4,85 percentage-point decrease in the rate of return
in the export industry (i.e., 0.0606 x -80). A six per cent increase in
real absorption would cause a 2.06 percentage-point increase in the rate
of return in the export industry (i.e., 0.3426 x 6). Finally, a 40 per
cent depreciation in the nominal exchange rate would cause the rate of
return in the export industry to increase by 22.55 percentage points
(i.e., 0.5637 = 40). Thus the net effect due to changes in the
exogenous variables, for the first scenario, is for a 9.64 percentage-
point increase in the rate of return on capital in the export industry
(i.e., -10.12 - 4.85 + 2,06 + 22.55). If this percentage-point change
is substituted into equation (6.1) together with ijt and R*jt for the
export industry (i.e., —-16.6271 and 0.30; see Tables 5.3 and 5.2,
respectively) and it is assumed that the error term is zero, then the
average annual rate of return on capital in the export industry over the
next two years if the first scenario were to occur is 23.01 per cent
(i.e., 100 x 0.30 - 16.6271 + 9.64 + 0.0). The forecasts of the rate of
return on capital in the export industry for the remaining 26 scenarios

can be calculated in a similar fashion. These forecasts, along with
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those for the import-competing and non-traded industries, are depicted

in Figure 6.1.

It can be seen frpm Figure 6.1 that the export industry's
forecasts have the highest variance, followed by the import-competing
industry and then, finally, by the non-traded industry (although it is a
borderline case between these last two industries). Furthermore, the
export industry has the highest expected return on capital, followed by
the import-competing industry and then by the non-traded industry. The
exact vector of expected returns and variance-covariance matrix of

industry rates of return can be calculated as follows.

Following from equation (3.48), the expected rate of return on

industry j can be obtained by taking the expectation of equation (6.1):

t, t+2,s t t t t, .t
100E (R*J, S I 1OOR*J + c*j + B*J.’ E (f1 Yo+,
t £, .t,s .
+ B*jk E (f‘k’ ) J=1,...,n. (6.2)

Equation (6.2) can also be written:

100E°(RE2:%) = 100rE b o+ Y gbebesy (6.3)

where EY(R#.5%2,8) is an (nx1) vector of the expectations at time
t of the average annual rates of return of the (n) industries over the
period t to t+2; Rx.% is an (nx1) vector of the average annual
rates of return of the (n) industries over the period t-2 to t;

Cx.t is an (n « 1) vector of the Cx.t's for the (n) industries;

By, .t is an (n x k) matrix of the sensitivity coefficients of the

rates of return of the (n) industries with respect to each of the (k)
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exogenous variables; and EY(r.t48) is a (k x 1) vector of the
expectations at time t of the percentage changes in the (k) exogenous
variables. The R*k.t vector is given in Table 5.2, the C*.t
vector can be obtained from Table 5.3, the B..Y matrix is contained
in Table 5.4, and the Et(f.t) vector can be calculated from the data
given in Table 6.1. The vector of expected annual average rates of
return can be estimated by substituting these vectors and matrix into

equation (6.3):

0.30 -16.6271 0.2530 0.0606 0.3426 0.5637 -30.0
1002%(R¥"2%) - 100 0.25| +|-15.6793| +|0.1014 0.0853 0.2303 0.5342 -60.0
' 0.20 -13.8902 0.1213 0.0739 0.5144 0.5188 7.0
50.0
27.0931
- | 25.5u08
22.3896 '

Thus the average annual expected rates of return on capital in the
export, import-competing, and non~traded industries over the period t to
t+2 are 27.09 per cent, 25.54 per cent, and 22.39 per cent,

respectively.

Following from equation (3.49), the variance-~covariance of the

rates of return on industries can be estimated as:

4, t,. t+2,s

10 Cov (R, t

1
) = 85 7 covbir &%) (88 1"+ covtrult?s

(uy

) H (6.4)

where Covl(R%.%%2,8) s an (n x n) variance-covariance matrix at

time t of the average annual rates of return of the (n) industries over
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the period t to t+2; Bx..% is an (n x k) matrix as defined above;
Covt(f.t's) is a (k x k) variance~covariance matrix at time t of the
percentage changes in the (k) exogenous variables; and
CovEb(ux.t¥2,8) in an (n x n) variance-covariance matrix at time t of
the errors associated with industry rates of return forecasts. The
variance-covariance matrix Cov®(f.t) can be calculated from the data
given in Table 6.1, and it is assumed for illustrative purposes that
Covt(ux.t*2:8) is a null matrix. The variance-covariance matrix of
industry rates of return can be estimated by substituting these matrices

into equation (6.4):

£.2530 0.0606 0.3426 0.5637 40.0 0 ) o 0.2530 0.1014 0.1213

1ouc°vb(R§*2’5) = | ©.101% ©.0853 0.4303 0.5342 ¢ 0.0 ¢ O 0.0606 0.0853 0.073%
0.1213  0.0739 0.518% 0.5188 o o 0.2 0 0.3826 0,4303 0.514%
4 [ 0 0.0 0.5637 0.5342 0.5188
3.4652  2.2962 2.3376
- {2.2962 2.1946 2.0492 .

2.3376 2.0492 1.9522

Thus the variances of the average annual percentage-point returns on
capital in the export, import-competing, and non-traded industries are

3.4652, 2.1946, and 1.9522, respectively.

As only a few of the exogenous variables were forecast
to change, the above results are only illustrative. However it is
conjectured that because the export industry is vulnerable to
fluctuations on the world market, then in a more realistic example it

would still exhibit a relatively high variance. Similarly, the



66

import-competing industry is subject to some degree of uncertainty due
to fluctuations in international markets. In a more realistic example
it may continue to exhibit the second highest variance. The non-traded
industry is not directly exposed to fluctuations on world markets. As a
result, we would expect that in practice it would still have a

relatively low variance.

Three final points should be made concerning the illustrative
forecasts. The first is that they have been constructed such that
industries with relatively higher expected returns also exhibit
relatively higher variances (i.e., risk). There is nothing in our
approach that either requires or ensures that this always occurs. The
second point is that the forecasts have been constructed such that the
distributions of the rates of return depicted in Figure 6.1 are
overlapping. Again there is nothing in our approach that either
requires or ensures that this will always occur. Finally, it is not
necessary to work with a collection of discrete values for the possible
developments in the exogenous variables; allowing continuous variations

in them is straightforward (see Higgs (1987b)).



67

7. CORPORATE RATES OF RETURN

Here we first define the rate of return for corporations as
observed by investors. We then explain the relationship assumed between
this rate of return and the rate of return on capital, as discussed in
section 5,1, Finally, we define a mapping from industries (the
traditional subject matter of CGE models) to corporations. This mapping
is based on the distribution of the corporations!' capital across the

areas of activity defined by the CGE model's industries,

7.1 Definition of Rates of Return for Corporations

The rate of return for corporations as observed on the
stockmarket is defined as follows. At instant t the investor purchases
one share of corporation i which the investor holds for & years. During
this period dividends are paid, and the share price may change from the
initial share price. The rate of return is then defined as the sum of
dividends received plus the capital gain (or loss as applicable) on the
change in the share price, all divided by the initial price paid for the

share.

Let Rijx% denote the annual average rate of return for
corporation i over the period t-% to t:
. A5 t |50 2N 20 2 :
= Di/e e ¢ i - Uiz /9y i=1,...,m(7.1)
where 5;;* is the average annual flow of dividends on one share in

corporation 1 over the period t-4 to £; and ‘ﬂi*t’z and 4;%% are the

market prices of a share of corporation i at instants t-% and t,
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respectively. Note that it is possible to modify equation (7.1) to
allow for the effects of reinvesting dividends, double taxation (if
applicable), stock splits, etc. However, equation (7.1) will suffice

for our purposes.

Next we note that the rate of return on shares in corporation

i over the period t to t+i, Ri*t"l, can be calculated:

Eb RS v mt, =1,...,m (7.2)

R, = R,
i% i¥ i

where ARi*t is the change in the rate of return in corporation i over

the period t to t+i.

7.2 Relationship Between the Rates of Return for Corporations

and the Rates of Return for Industries

In this section we discuss the relationship between the rates
of return for corporations as observed on stockmarkets and the rates of
return on capital earned by industries. Recall from equation (5.1) that
the rate of return on capital in an industry is defined as the after~tax
sum of the rentals earned plus the capital gain on the replacement value
of the depreciated capital stock, all divided by the initial purchase
price of the capital. Here we are indifferent between how rentals and
capital gains earned on the replacement value of the depreciated capital
stock are allocated between dividends and capital gains in terms of the
share price. Rather we just assume that the change in the rate of
return on corporations is a weighted average of the changes in the rates

of return on capital in industries:
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t .t t L
1OOAR13 Sij + 100AR] S

ine1 Siner i=1,...,m; (7.3)

t
1008R/, =

L aeibe]

J=1
where IOOARi‘jt is the percentage-point change in the annual average rate
of return on the component of corporation i located in domestic industry
J over the period t~% to L IOOARinHt is the percentage-point change
in the annual average rate of return on the component of corporation i
located overseas over the period t-% to t; 83 is the share of
corporation i's total capital stock located in domestice industry j at

time t; and Sinﬂt is the share of corporation i's total capital stock

located overseas at time t. The Sijt can be calculated as:

sto-at kb sy (m;, L)

. i=1,...,m
SR B S =1

yeea Tl (7.4)

where Hijt is the creation cost of a unit of capital of corporation i
located in industry j at time t; and Kijt is the quantity of corporation

i's capital stock located in industry j at time t. Finally, note that:

.
§ost oy i=1,...,m. (7.5)

Our next task is to determine the link between the ﬁRijt's in
equation (7.3) and the AR*jt's discussed in section 5. It is desirable
to allow for the possibility of differential changes in the rates of
return on capital between corporations located in the same industry.
For example, it may be that due to, say, better management techniques, a
corporation earns a higher rate of return than the average for the
industry it operates in. As the CGE model will only project the average
response for the industry, some additional shift variables must be
included to explicitly account for the factors that distinguish this

corporation from the others in the industry. Two mappings are derived



70

in this paper. The first mapping allows for differential changes in
Jjust the rates of return projections between corporations located in the
same industry. The second mapping not only allows for differential
changes in rates of return projections but also specific differential
changes in rentals, creation costs of capital, tax rates, and
depreciation rates between corporations located in the same industry.
This second mapping is more general; however it is signifiicantly more
complex and data-intensive relative to the first mapping. As a result,
the derivation of the second mapping has been relegated to Appendix A.2.

Below we derive the first mapping.

The annual average percentage-point change in the rate of

return on the component of corporation i located in domestic industry j

100887 = 1008RY, + n{1004R) i=1,...,m
’ Sy Jlieeom 5 (7.6)
where hij“OOAR)t is the annual average percentage-point differential

between the rate of return on the capital of corporation i located in
industry j and the overall rate of return on capital in industry j. For
example, if it is known that the component of corporation i located in
industry j always earns a rate of return which is, say, 5
percentage~points higher than the average for industry j, then this can
be incorporated by setting hij“OOAR)t equal to 5.0. Note that for
consistency between an industry projection and the projections of the
corporations located within that industry the following condition must

hold:
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n

) n{1008R)E £y J=1,...,n. (7.7
- 1] 13
i=1
The next step is to substitute equation (7.6) into equation
(7.3):
100aR%, - § (1008RE, + p, (1000RIE, ot
L o1 ®j ij ij
+ TOOARF St i=1,...,m. (7.8)

in+1 Tin+t

We can now substitute equation (7.8) into equation (7.2):

2

100R%}* - qo0RY, £ (1004R)t
i i%

t
[1008Ry ; « by 18y

[y

=1

t t ;
+ TOOARinH Sin+1 i=1,...,m. (7.9)

Thus given estimates of the distribution of a corporation's capital
stocks, the projected changes in rates of return by industries, and the
relative performance of the corporation within each industry, it is

possible to forecast the rate of return by corporation,

Now recall from equations (5.,18) to (5.21) that:

£ t t .t £ .t X
1008k, = iy * Bejify * eee B ikfk J=1, .00, (7.10)
where
t t-at t 5
C*j = n*jEY*J + 1OOA1:jA£j + 100Ad*jw:j J=1,...,n; (7.11)
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Wt ot t ~
Bjv 7 (u*j/L)nP*.Fv+ Peg M, B J=Ty...n
J J vel, .., K. (7.12)
Thus equaticn (7.9) can be written:
n
L+l t t t Lt t .t . (100AR)t
TOOR /™ = 100R/, + E][C*J MEMPENIRIRTRIR M A ny | Is

+ 100aRY . sP i=1,..,m. (7.13)

int1 “in+t

The similarity between equation (7.13) and the return
generating process as expressed in section 3, equation (3.8), can be

more clearly seen if we rewrite equation (7.13):

n
trg t ¢ et {1004R)t t t+e Lt

T00R/ ™ = 100R/, + 331[C*J *hy, * by (Fy B+

t E+L byt t t 1331

0 (P Fk)]sij *T1008R Ly Sinet * Uik
i=1, . ..,m; (7.14)

where
t to.t ot .
Oy < Bejyfy Fy7100 J=1,...,n

v=1,...,K. (7.15)

Again note that the term C*jt is implicitly contained in equation (3.8)
where the factors are changes in the creation costs of capital over the
period t-f to t, the tax rate over the period t to t+%, and the depreci-

j(100AR)t is also

ation rate over the period t to t+f. The term hy
implicitly contained in equation (3.8); however in this case the factors

are events or effects not captured by the CGE model.



73

7.3 A Mapping of Some Illustrative Corporations Across Industries

In this section we define a mapping of some illustrative
corporations across industries and specify rates of return for these
corporations., As in section 5, we assume that the forecast period is
two years ahead (i.e., £=2). 1In practice the historical annual average
rates of return on corporations would be calculated directly from
stockmarket data. However, for this illustrative example we used the

following equation:

n
£t t (1004R)t-2, b
100R;, = | (100R,; + by, )S{4
J=1
t t .
+ 100Rinﬂ Sin+1 : i=1,...,m. (7.16)

A mapping of the distribution of six hypothetical corporations' capital
stocks across industries (i.e., the Sijt's) is given in Table 7.1,
(Note thaﬁ these six do not provide an exhaustive list.) Also contained
in Table 7.1 are estimates of the performance of these corporations
relative to the industry averages (i.e., the hiJUOOAR)t“Z's).
Equation (7.16) also requires the industry rates of return and the
foreign rate of return. Recall from Table 5.2 that the average annual
rates of return over the period tr2 to t for the export,
import-competing, and non-traded industries are 30 per cent, 25 per
cent, and 20 per cent, respectively. Finally, it is assumed that the

foreign rate of return is 25 per cent for all corporations,

It can be seen from Table 7.1 that the first three
corporations AG, TCF, and SERVICES are located solely in the export,

import-competing, and non-traded industries, respectively. Furthermore
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TABLE 7.1: A MAPPING OF SOME ILLUSTRATIVE CORPORATIONS ACROSS INDUSTRIES

Domestic Industry

Corporation Foreign Total
Industries
2.Import~Competing 3.Non-Traded

1. 4G

Capital Stocks, nyz® k4t 0 0 0 $100m

Shares, §;;t 0 0 0 1.0

Shift variavle, ng|'008R)t-2 0 0 0 0
2 TCF

Capital Stocks, figs® K;;t $100m 0 0 $100m

Shares, sijt 1.0 o] o] 1.0

Shift variable, ny{'008RIE-2 o 0 0 0
3. SERVICES

Capital Stocks, i3t Kyt 0 $100m ] $100m

Snares, sg;t 0 1.0 0 1.0

Shift variable, ny|'00ARIt-2 o o 0 0
b, oMIX

Capital Stocks, Hyj® Kyt $50m $50m 0 $100m

Shares, sy4% 0.5 0.5 0 1.0

Shift variable, g |'008R)t-2 0 o o 0
5. 08

Capital Stocks, ;5% Kyyt 4 $50m $50m $100m

Shares, g4t 0 0.5 0.5 1.0

Shift variable, hy|'004RIt-2 0 0 0 0
6. STAR

Capital Stocks, Ijsb Ky5t 0 $100m 0 $100m

Snares, 33t 0 1.0 0 1.0

Shift variable, n|'004R)t-2 0 1.0 0 1.0
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the rates of return for these corporations are assumed not to deviate

3 (1008R)t-2, s are equal

from the industry rates of return (i.e., their hj
to zero),. Thus the rates of return for the AG, TCF, and SERVICES
corporations are 30 per cent, 25 per cent, and 20 per cent,

respectively.

The operations of the MIX corporation are half located in the
import~competing industry and half in the non-traded industry.
Furthermore, the components of the MIX corporation located in these
industries are assumed not to deviate from the respective industry rates
of return. Thus the rate of return for the MIX corporation is 22.5 per

cent (i.e., 0.5 x 25 + 0.5 x 20).

The operations of the 03 corporation are also located across
more than one industry. The 0S corporation is half located in the
domestic non-traded industry and half in foreign industries, As above,
the rates of return for components of the 0S corporation located in
these industries are assumed not to deviate from the respective indust‘,ry
rates of return. Furthermore, as it assumed that the foreign industries
earn a 25 per cent rate of return, then the rate of return for the 0S

corporation is also 22.5 per cent (i.e., 0.5 x 20 + 0.5 x 25).

Finally, the STAR corporation is assumed to be located solely
in the non-traded industry. Due to, say, better than average management
techniques, the STAR corporation earns a rate of return that is one
percentage~point higher than the rate of return for the non-traded
industry as a whole. Thus the rate of return for the STAR corporation

is 21 per cent (i.e., 20 + 1).
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8. CORPORATE FORECASTS

In this section it is shown how a CGE model can be used for
forecasting rates of return for corporations. First the theory for
forecasting the rates of return and for calculating the
variance-covariance matrix of forecasting errors is developed. Then
stochastic scenarios for corporation-specific exogenous variables are
detailed for the six illustrative corporations discussed in section 7.
Finally, these developments together with those for the other exogenous
variables, as specified in section 6.1, are used to produce forecasts of
the rates of return by corporations and to estimate the

variance~covariance matrix of these forecasts.

8.1 Forecasting the Rates of Return for Corporations

Following from equations (3.8) and (7.13), the average annual
rate of return for corporation i over the period t to t+2 given the

future developments of scenario s, Rixt*z’s, can be written:

n
t+2,s t F 4 (1004R)t,s
100Ri* o= 1OORi* + Az [C*j + hij T+
=1
t t,s t £,5,,¢
B*j1f1 oo, B*jkfk ]Sij +
t,s t t+2,s .
1006Rin+1 Sin+1 + i* i=1,...,m
s=1,...,4; (8.1)

where Ri*t is the average annual rate of return for corporation 1 prior

J(1OOAR)t'S is the valus

to time t; Cx;* is defined in equation (5.19); hi
assigned to the average annual percentagerpoint differential between the

rate of return on the component of corporation i located in industry Jj
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and the rate of return of industry j; the B*jvt‘s are defined in
equation (5.21); fvtvs is the percentage change in the vth exogenocus
variable given scenario s; Sijt is the share of corporation i's total
capital stock located in domestic industry j at t; 1OOARinHttS is the
percentage-point change in the rate of return of the foreign component
of corporation i given scenario s; Sinﬂt is the share of corporation
i's total capital stock located overseas at t; and Ui§t+2's is the error

term associated with the jth corporation given scenario s.

Following from equation (3.48), the expected rate of return

for corporation i can be obtained by taking the expectation of equation

(8.1):
n
1008 (Y33 °) = 100R, + ] [Cp +E (h(mOAR)t 3y .
=
t .t .t,s t £, o884t
By B CE)TS) ¢ L e By B Is ] -
t :
100" (aRE3 DS i=1,...,m. (8.2)

Equation (8.2) can also be written:

42,8y _ 100 BY, + 8% ¢t o+ 5% o E%n!

(TOOAR)t s)

100E (R 1

+s¥ By Ry 00 st ERGR®

.s .

+1)

(8.3)

where EE(R.*“Z:S) is an (mx1) vector of the expectations at time t
of the average annual rates of return of the {(m) corporations over the
pericd ¢t to t+2; R_*t is an (mx1) vector of the average annual
rates of return of the (m) corporations prior to time t; S“t is an

(mxn) matrix of the shares of the capital stocks of the (m) corporations



78

located across the (n) domestic industries; C*'f» is an {nx1} vector

of the C*jt's for the (n) industries; Et(n..{1003E)t,s) is an
(mxn) matrix of the expectations at time t of the rate-of-return shift
variables for the components of the (m) corporations located in the (n)
industries; 1 is an (nx15 unit vector; B;e_.t is an (nxk) matrix
of the factor sensitivities for each of the (n) industries with respect
to the (k) exogenous variables; Et(f.t's) is a (kx1) vector of the
expectations at time t of the percentage changes in the (k) exogenous
variables; S.nﬂt is an (mxm) diagonal matrix of the shares of
foreign capital owned by the (m) corporations in their respective total
capital stocks; and Et(AR,nHt'S) is an (mx1) vector of the
expectations at time t of the changes in the rates of return of the
foreign capital stock owned by the {(m) corporations. Note that the

operator "°" in equation (8.3) denotes a Hadamard pr‘oduct.18

The next task is to compute the variance-covariance matrix of
rates of return by corporations. To do this we first express equation

(8.1) in matrix notation:

100R%2*% - ap + o ; (8.4)

where R.*t+2,s is an {(mx1) vector of the average annual rates of
return of the (m) corporations over the period t to t+2 given scenario
s; A is an (m x(mxn + nxk + 2m)) matrix of shares and coefficients;
b is a ({(mxn + nxk + 2m)x 1) vector of the stochastic exogenous
variables; and ¢ is an (mx1) vector of the non-stochastic elements
of equation (8.1) for each of the (m) corporations. Equation (8.4) is

depicted in Figure 8.1.
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The variance-covariance matrix of the rates of return by
corporations, Covt(R'*t"z-S), can be estimated from equation (8.4):

10%covt (8%22:2) . 4 covbioiar ; (8.5)

where Covt(b) is the variance-covariance matrix of the exogenous
variables., A decomposition of the Covi(b) matrix is depicted in

Figure 8,2,

The number of calculations involved when illustrating equation
(8.5) can be dramatically reduced if some assumptions are made
concerning the structure of the Covi(b) matrix. Here we will assume
that the error terms are uncorrelated with the exogenous variables.
This means that HqU,..., HuU, FU and RU are null
matrices. We will also assume that the variance-covariance matrix of
error terms (i.e., U) is a null matrix. The third assumption we
make Is that the performance of a corporation relative to the average
performance of the industry it operates in is uncorrelated with
developments in the economy (i.e., with the shocks to the CGE model).
Thus HyF,..., HyF are null matrices. Next we assume that the
performance of a corporation relative to the average performances of the
domestic industries it operates in is uncorrelated with the index of the
changes in the rate of return on its foreign investments. Hence
HiR,...,HpR are null matrices. Perhaps more contentiously, for
illustrative purposes we also assume that changes in the rates of return
on the foreign investments of corporations are uncorrelated with the
exogenous variables affecting the domestic economy; that i1s, the matrix
FR is null, Finally, it is assumed that the relative performance of

a corporation with respect to industry averages is not correlated with
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the relative performance of other corporations. Thus, of the top
left~hand corner block of submatrices in Figure 8.2, only the diagonal
Hi,i matrices contain non-zero elements. Given the above
assumptions, the structure of the Covi(b) matrix reduces to a

"diagonal" of non-zero submatrices; see Figure 8.3.

Finally, given the structure of the Covi(b) matrix

depicted in Figure 8.3, it is possible to rewrite equation (8.5):

4 t, t+2,s .t |4 R A
10 Cov (R.* ) = g, Cov (H1,1) ENER T
.t t RA
+ g Cov (Hm,m) £

+s% B covt(e®S) 8 10 st 1

e .

+ 10" stm covt(ar®s3 ) st (8.6)

1 nt+l el

-

where Ei.t is an (mxn) submatrix of A, consisting of the m%P block
of n columns of the A matrix (i.e., it is a matrix of zeros with the
exception of the ith row which consists of the shares Sj1%,...,5;,);
Covt(Hi,i) is an (nxn) variance-covariance matrix at t of the shift
variables describing how corporation i performs relative to the average
performance of the {(n) domestic industries; S”t is an (mxn) matrix
of the shares of the capital stocks of the (m) corporations located
across the (n) domestic industries; Bx . ' is an (nxk) matrix of the
sensitivity coefficients for each of the (n) industries with respect to
the (k) exogenous variables (see equation (5.21); Covi(f _t:5) is a
(kxk) variance~covariance matrix at time £ of the percentage changes in
the (k) exogenous variables; S p41%t is an (mxm) diagonal matrix of

the shares of foreign capital owned by the (m) corporations in their
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respective capital stocks; and Covt(AR'nﬂt's) is an (mxm)
variance-covariance matrix at time t of the changes in the rates of

return of the foreign capital stock owned by the (m) corporations.

8.2 Future Developments in the Corporation-Specific Exogenous Variables

Before equations (8.3) and (8.6) can be evaluated we have to

specify the corporation-specific terms of Et(h‘_(IOOAR)t'S),
EY(AR pettrS), Covt(Hi,i), and CovB(AR n.q%:9).

Of the six illustrative corporations only one is projected to
deviate from the industry average rates of return. It is assumed that
the STAR corporation (i=6) is expected to earn a rate of return that is
one percentage~point higher than the rate of return for the non-traded

industry (j=3):

(1004R)t,s

t
E (h63 ) = 1.0 H
and
t,. (100aR)t,s, _
Var (h63 ) = 0.05 .

Futhermore, it is assumed with certainty that all other corporations

earn the industry average rate of return.

Of the six illustrative corporations only one had part of its
capital stock located overseas (see Table 7.1). It is assumed that the
expectation and variance of the percentage-point change in the rate of

return of the foreign component of the 0S corporation (i=5) are:

2., .t,s | .
107E (ARSnH) = 0.5 H
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and
4 t t,s
10 Var (ARSnH) = 3.0

8.3 Calculation of the Expectations and Variance-Covariance Matrix of
the Forecast Rates of Return for the Illustrative Corporations

First we calculate the vector of expected rates of return for
the six illustrative corporations. Note that the R_*t vector can be
ocbtained from section 7.3. The S“t matrix and the S.n”t
vector are contained in Table 7.1. The C*‘t vector can be obtained

from Table 5.3. The Eb(n, (1008R)t,s

) and the EY(AR peqtsS)
matrices can be calculated t‘r‘omr section 8.2. The B;._t m’atr'ix is
contained in Table 5.4, Finally, the Et(f t,s) vector can be
calculated from the data given in Table 6.1. The vector of expected
average annual rates of return can be estimated by substituting these
vectors and matrices into equation (8.3). This is shown in Figure 8.4.
Thus the average annual expected rates of return over the period t to
t+2 in the AG, TCF, SERVICES, MIX, 08, and STAR corporations are 27.09
per cent, 25.54 per cent, 22.39 per cent, 23.97 per cent, 23.94 per

cent, and 24.39 per cent, respectively.

As a brief aside, note that when calculating the expected
returns for the corporations we implicitly made use of corporate factor
sensitivity coefficients. These sensitivity coefficients show the
effect on the rate of return of a corporation of a one per cent increase
in each of the exogenous variables (i.e., factors). Let Bi*vt denote

the sensitivity coefficient at time t for corporation i with respeect to
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the vEB factor. Then:

n
B, - § st st i=1,...,m
B S (8.7
where the B*Jvt's are the Industry sensitivity coefficients; see
equation {5.21). The sensitivity coefficients for the six illustrative

corporations are given in Table 8.1.

Finally, we caleculate the variance~covariance matrix of rates
of return for the six illustrative corporations., Note that the non-zero
elements of the Ei_t matrices are contained in Table 7.1. The
Covt(Hi’i) matrices can be calculated from section 8.2. The
Covt(f.t's) can be calculated from the data given in Table 6.1.
Finally, the Covt(AR.n+‘t-3) matrix can also be inferred from
section 8.2; it is a null matrix apart from the fifth diagonal element.
The variance-covariance matrix of rates of return by corporations can be
calculated by substituting these vectors and matrices, together with
s..t, Bs, .Y, and s _psq%, into equation (8.6). The resultant
combutatioh<is shown in Figure 8.5. Thus the variances of the
percentage-point rates of return forecasts over the period t to t+2 for

the AG, TCF, SERVICES, MIX, 0S, and STAR corporations are 3.4652,

2.1946, 1.9522, 2.0613, 1.2381, and 2.0022, respectively.
8.4 Corporate Betas

As a final note to this section we explain how the approach
developed here could also be used to calculate the betas of the capital
asset pricing model discussed in section 3. To calculate betas we must

first define a market index:
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TABLE 8.1: CORPORATE FACTOR SENSITIVITY COEFFICIENTS®
Factor
Corporation World Price Ad Valorem Real Nominal Exchange
of Exports Tariffs Absorption Rate
Pu £ aR ¢
1. AG 0.2530 0.0606 0.3426 0.5637
2. TCF 0.1014 0.0853 0.4303 0.5342
3. SERVICES 0.1213 010739 0.5144 0.5188
4, MIX 0.1114 0.0796 0.4724 0.5265
5. 08 0.0607 0.0370 0.2572 0.2594
6. STAR 0.1213 0.0739 0.5144 0.5188

® That is, the Byxy' coeffiéients; see equation (8.7).
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m
t+2,s t+2,s
R U= ' ; 8.8
" 121 2; Rix ; (8.8)

where RMt+2»s is the average annual rate of return for the market over
the period t to t+2 given the future developments of scenario s; and
is the share of corporation i in the market index. The betas can then

be calculated:

t t+2,s t+2,s

.
CMEERE M T MBS

" i=1,...,m. (8.9)

8; = Cov
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9. PORTFOLIO RATES OF RETURN

Here we define the rate of return for portfolios and specify a
mapping from corporations to portfolios., This mapping is then
illustrated by constructing a number of portfolios from the six

corporations.

9.1 Definition of Rates of Return by Portfolio

Let B(p)* denote the average annual rate of return for

portfolioc p over the period t-% to t:

m
= 100 } 8RS s .+ 100m® ¢

, B S 1% S(p)m+1 p=1,...,2; (9.1)

t
R
100 (p) .

where Ri*t is the average annual rate of return of corporation i over
the period t~% to t; S(p)it is the share of the value of portfolio p
invested in corporation i at time t; qu*t_is the average annual rate
of return over the period t=f to t on assets other than domestic
corporations (e.g., forelgn corporations, bonds, ete.); and S(p)m+1t is
the share of the value of portfolio p invested in other assets at time t.
Note that for simplicity, assets, other than domes'tic corporations, have
been aggregated. However, the subsequent analysis could easily be
generalized to incorporate a whole range of other assets. Finally, note

that:

m+l

t ™
LSk
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9.2 Calculation of Rates of Return for Some Illustrative Portfolios

To illustrate equation (9.1) we will calculate the rate of
return for some illustrative portfolios. As in sections 5.2 and 7.3, to
calculate the rate of return the length of run of the CGE model must
first be defined, Recall from section 4.2 that the economic environment
chosen produces projections for a period commencing about two years

after the exogenous shocks are injected (i.e., 2=2).

A mapping of the value at t of five illustrative portfolios
across corporations and other assets is given in Table 9.1. For
example, the first portfolio is divided equally between the SERVICES
corporation and the STAR corporation. The next three portfolios are
also wholly devoted to corporations. However, the fifth portfolio is

divided equally between the AG corporation and other assets.

To illustrate equation (9.1) we also require the corporate
rates of return and the rate of return on other assets. Recall from
section 7.3 that the average annual rates of return over the period t-2
to t for the AG, TCF, SERVICES, MIX, 0S, and STAR corporations are 30
per cent, 25 per cent, 20 per cent, 22.5 per cent, 22.5 per ceﬁt and 21
per cent, respectively. Finally, it is assumed that the average annual

rate of return on other assets is 15 per cent.

Given the above rates of return and the shares listed in Table
9.1 we can use equation (9.1) to calculate the rates of return over the
period t-2 to t for the above portfolios as follows. The rate of return
on the first portfolio is 20.5 per cent (i.e., 20.0 x 0.5 + 21.0 x 0.5).

The rate of return on the second portfolio is slightly higher at 21.25



94

8Yyq UT DPDISIAUT OTT0J3J0d ydes JO antTea

*9 BW{} 9B SI9SEE JOUIO PUR SUOTIEJOIJOD BAT308d58d"
ayj jJo sefequeodad 8yj ade 8TQR4 BYl Ul SJaqunu syl

*

0°00L 00° 04 00° 09 'S
0'001 19791 L9791l 13°9i L9° 91 L9°9i L9° 91 “t
0° 001 £e-ge £E°Ee c£e-ge €
0°004 00° 09 00° 08 ‘e
0° 001 00° 0% 00" 04 i’
Hvis 9 S0 *& XIN "4 SADIAYAS € 401 2 oV ‘1

§1968Y

110} 484130 0¥103340d
uoyieJdodaod
»SNOTLVHOJH0D SSOHOV SOIT04LYOd FATLVHISATII JWOS J0 ONIddYW ¥ fi°6 FI8VL



95

per cent (i.e., 20.0 x 0.5 + 22.5 x 0.5). The third portfolio consists
of investments in three corporations and earns a rate of return of 22.5
per cent (i.e., 25.0 x 0.33 + 20.0 x 0.33 + 22.5 x 0.33). The fourth
portfolio is divided equally over the six corporations and it earns a
rate of return of 23.50 per cent., The final portfolio consists of
investments in the AG corporation and other assets and it earns a rate

of return of 22.5 per cent (i.e., 30.0 x 0.5 + 15.0 x 0.5).
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10, PORTFOLIO FORECASTS

In this section it is shown how a CGE model can be used for
forecasting rates of return of portfolios, First the theory for
reckoning the expected raté of return and the variance for a portfolio
is developed. Then the expected return and variance thereof for assets
other than the corporations, are specified. Finally, the expected rate
of return and variance for the five illustrative portfolios, as defined

in section 9.2, are calculated.

10.1 Forecasting the Rates of Return for Portfolios

The average annual rate of return on portfolio p over the

period t to t+2 given scenario s, R(p)t+2'5, is given by the identity:

t+2,s

IOOR(D)

- 1OOR§ )+ 100AR%’§ p=1,...,2
P P 821, ..0,q; (10.1)

where R(p)t is the average annual rate of return for portfolio p over
the period t-2 to t and AR(p)tvs is change in the rate of return for

portfolio p over the period t to t+2 given scenario s.

The change in the rate of return for portfolio p over the

period t to t+2 given scenario s can be calculated:

St

+ 100AR (p)m+1

P=lycve,2

1004R%*S = 100 Z AR sf m+1*
s=1,...,q; (10.2)

() 4 p)i

‘where ARi*tvS is the change in the rate of return of corporation i over

the period t to t+2 given scenario s; and ARm+1*t:5 is the change in the
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rate of return of other assets over the period t to t+2 given scenario s.

Equation (10.2) can be substituted into equation (10.1):

t
(pl)i

100r572+8 _ 100rt

4 t,s
(p) (p) 100 L ORGTS

t,s St

+ 100ARm*1* (p)m+1

p=1,...,2
s=1,...,q9. (10.3)

The expected rate of return for portfolio p can be obtained by

taking the expectation of‘ equation (10.3):

m
tot+2,s t [N - T 4
100E S I , )
Ry ) 100R ¢ + 100 151 EV(aR3T) S(pyi
LS § oF
{ 4 ==
+ T00E7(eR 10) S ymey p=1,...,2. (10.4)

Equation (10.4) can also be written:

100E5(RE*2+%) ~ 100RY | + 100s% | Eb(ar%:®)
(.) (.) (.. .
t t t,s .
+100s¢ o ER(aRESS,) ; (10.5)

where Et(R(.)t“aos) is a (zx1) vector of the expectations at time ¢
of the average annual rates of return of the (z) portfolios over the
period t to t+2; R(.)t is a (zx1) vector of the average annual rates
of return of the (z) portfolios in period t-2 to t; S(,)_t is a
(zxm) matrix of the shares of the (z) portfolios invested in the (m)
corporations at time t; and Et(AR.*tvs) is an (mx1) vector of the
expectations at time t of the change in the average annual rates of
return of the (m) corporations over the period of t to t+2; S(')m+1t

is a (zx1) vector of the shares of the (z) portfolios invested in other
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assets at time t; and the scalar Et(ARm”*t.S) is the expected
change in the average annual rate of return of other assets over the

i

period t to t+2.

The next task is to compute the variance-covariance matrix of
rates of return of portfolios. To do this we first express equation

(10.3) in matrix notation:

¥ # #
1003?*?'3 =Ab +e ; (10.6)

where R(, y%*2+3 is a (zx1) vector of the average annual rates of
return of the (z) portfolios over the period t to t+2 given scenario s;
2% is a (z «x (m+1+z)) matrix of shares and coefficients; o* is a
((m+1+2z) x 1) vector of the changes in rates of return of the (m)
corporations and the (1) other asset; and ¢® is a (zx1) vector of
the average annual rates of return of the (z) portfolios over the period

t-2 to t. Equation (10.6) is depicted in Figure 10.1.

The variance-covariance matrix of the rates of return by

portfolios, COVt(R(,)t“z's), can be deduced from equation (10.6):

3 #* #
10"00vt(32*f'8) =4 covt’) &’ ; (10.7)

where Covt(b*) is the variance-covariance matrix of the changes in
the rates of return of the corporations and other assets. A

decomposition of the Covt(b*) matrix is depicted in Figure 10.2.

The number of calculations involved when illustrating eqdation
(10.7) can ‘be reduced if an assumption is made concerning the structure

of the Cov®(b®) matrix. We will assume that changes in the rates of
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return for corporations are uncorrelateﬁ with changes in the rates of
return for other assets. Thus CO is a null matrix. (It should be
stressed that this assumption has only been made to simplify the
,subsequent analysis. In practice, it would be unlikely that CO is a
null matrix.) Given the above assumption, the only non-zero terms in
the Covt(b*) matrix are the covariances among the changes in the
rates of return on corporations and the variance of the changes in the
rate of return on other assets; i.e., matrix € and the scalar 0O

in Figure 10.3.

Finally, given the structure of the CovE(b*) matrix

depicted in Figure 10.3, it is possible to rewrite equation (10.7) as:19

4., b, t+2,s PPN 2N t, .t,8, .t !
10 Cov (R( ) ) = 10 S(.)‘ Cov (AR.* ) S(.).

t .
(.)m+1 ’

L

+ 10" s cov®(sRt:S (10.8)

(.) m+1 m+1*) S

where S(.).t is a (zxm) matrix as defined above; Covt(AR_*t!s)
is an (mxm5 variance-covariance matrix of the changes in the rate of
return of the (m) corporations; S(.)m+1t is a (zx1) vector as
defined above; and Covt(ARm+]*t's) is the (scalar) variance of the

change in the rate of return of other assets,

10.2 Future Developments in Other Assets

Before equations (10.5) and (10.8) can be evaluated we have to
specify the expected outcome and variance of the rate of return of other

assets. It is assumed that:
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10%E (4RSS ) 220

m+1¥
and
4 t t,s
10 Var (ARm+1*) = 0.5 .

10.3 Calculation of the Expectations and Variance-Covariance
Matrix of the Forecast Rates of Return for the
Illustrative Portfolios

The vector of expected rates of return for the five
illustrative portfolios can be calculated as follows. Note that the
R(.)t vector can be obtained from section 9.2, The S(_).t
matrix and the S(')m+1t vector can be obtained from Table 9;1. The
Et(AR.*trs) matrix is given in section 8.3. Finally, the value of
Et(ARm+1*t’s) is given in section 10.2. The vector of expected average
annual rates of return can be estimated by substituting these vectors
and matrices in equation (10.5). This is shown in Figure 10.4, Thus
the expected rates of return over the period t to t+2 for the five
illustrative portfolios are 23.39 per cent, 23.17 per cent, 23.96 per

cent, 24.56 per cent, and 22.05 per cent, respectively.

As a brief aside, note that when calculating the expected
returns for portfolios we implicitly made use of portfolio factor
sensitivity coefficients., These sensitivity coefficients show the
effect on the rate of return of a portfolio of a one per cent increase
in each of the exogenous variables (i.e., factors). Let B(p)vt denote
the sensitivity coefficient at time t for portfolio p with respect to

the vth ractor:

m
t £ t
B(p)v = i§1 Bixy S(p)i

1
=1,000,k; (10.9)
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where Bi*vt‘s are the corporate factor sensitivity coefficients, see
equation (8.7). The factor sensitivity coefficients for the five

illustrative portfolios are given in Table 10.1.

Next we calculate the variance-covariance matrix of rates of
return for the five illustrative portfolios. HNote that the
Covt(AR';tss) matrix can be obtained from section 8.3. The
Covt(ARm;ths) is given in section 10.2. The variance~covariance
matrix of rates of return by portfolios can be calculated by
substituting these, together with S(.).t and S(')m.].]t, into
equation (10.8). The resultant computation is shown in Figufe 10.5.
Thus the variances of the percentage~point rates of return forecasts
over the period t to t+2 for the five illustrative portfolios are

1.9647, 1.2856, 2.0609, 1.8377, and 0.9913, respectively.

Finally, the expected rates of return for the illustrative
portfolios can be plotted against their standard deviations (i.e.,
risk); see Figure 10.6. It can be seen from Figure 10.6 that, for
example, the fourth portfolio dominates the third portfolio in the sense
that the fourth portfolio has a relatively higher expected return and a
relatively lower risk. In the next section the frontier of efficient
portfolios (i.e., the locus of portfolios with the minimum risk for a

prescribed expected return) is derived.
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TABLE 10.1: PORTFOLIO FACTOR SENSITIVITY COEFFICIENTS*®

Factor
Portfolio World price  Ad valorem Real Nominal exchange
of exports tariffs absorption rate
Py t ap ¢
1. 0.1213 6.0739 0.51 44 0.5188
2, 0.0910 0.0555 0.3858 0.3891
3. 0.2596 0.0796 0.47214 0.5265
g, 0.1282 0.0561 0.4219 0.486Y
5 0.1265 0.0303 0.1713 0.281¢

¥ That is, the B  coefficients; see equation (10.9).
(plv
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11. FRONTIER OF EFFICIENT PORTFOLIOS

The frontier of efficient portfoliocs is the locus of feasible
portfolios that have the smallest variance for a prescribed expected
return. In this section two frontiers of efficient portfolios are
presented. The first is when agents are allowed to borrow and
short-sell all assets. The second is when agents are not allowed to

porrow or short-sell any assels.

11.1 Frontier of Efficient Portfolics When Agents are Allowed

to Borrow and Short-Sell All Assets

Here we follow Merton (1972) and present the analytical
derivation of the efficient portfolio frontier. Suppose that at instant
t there are m+] risky assets with the expected average annual rate of
return on the ith asset over the period t to t+2 denoted by
Et(Ri*“Z's), the covariance of returns between the ith and the jth
assets denoted by CovE(Rjx0¥2:5, Rj*t*zis), and the variance of the
return on the 1N asset denoted by Vart(Rjx'*2:8, Rix"*2:5). Let S(p)it
equal the share of the value of portfolio p invested in the 1th asset at
t. Then, the frontier of efficient portfolios can be described as the

set of portfolios that satisfy the following constrained minimization

problem:
t t
aQ
Choose J(p)i"”’ S(p)m+1
to minimize Y% Var‘t(RES'S) ; (11.1)

subject to
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m+1 m+] £, te2, s

t,t+2,8, ¢ ot t t+2,s .
Var (a(p> Y = 131 3%1 smi s(p)J Cov (R4 Rj* )y (11.2)
m+1
toLt+2,sy o L t+2 s .
E (R(p) ) = 121 s(p)i o (R ) ; (11.3)
and
m+1
- t
z s(p)i =1 ; (11.4)

where Vart(ﬂ(p)t*zrs) is the variance (across scenarios) of the rate of
return on the portfolio p over the period t to t+2. Note that the term
on the left of (11.3) is a given constant -- that is, for a fixed
expectation of the rate of return on the portfolio, the variance of the

rate of retwn is minimized.

The above constrained minimigzation problem is analytically
solved in Appendix A.3; however, the solution for the composition of

portfolio p is given by:

sty = L= EMRE2%)2)/(x2 - v2) | [covb(rY20%) 1" Y (R%,20%)
(p). (p) .
s {E R - 1708 - 12 [cov N2 G
where
m+1 m+i
© L, t+2,s
X= 1 3 v.. g¥@Y®S ; (11.6)
i=1 j=1 M J*
m+1 m+1
Y= 73 9 %jE( t*‘25’)“(R“23 ; (1.7
i=1 j=t
m+1 m+i
Z= 37 7 v, . (11.8)
i=1 g=1 M
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The above notation can be explained as follows: S(p)-t is an
({m*+1)x1) vector of the shares of each of the (m+1) risky assets held in
the frontier portfolio p; the values in the set brackets "{}" are
scalars (vij is the ij%h element of Covi(rR «t*2.8)~1)

[CovE(R %t*2,3)"1] is the ((m+1)x(m+1)) inverse matrix of the
variance-covariance matrix of the rates of return of the (m+1) assets;
EY(R #%%2,8) i5 an ((m+1)x1) vector of the expected rates of return

of the (m+1) assets; and 1 is an ({m+1)x1) unit vector.

The efficient frontier associated with the compositional

equation (11.5) is:

3
zt(RZj’S) < W7 + Maxls [(Z Vartm’g;f's) - nz - 3%z . (1.9

The values for X, Y, and Z can be calculated using equations (11.6),
(11.7), and (11.8): X = 23.37, ¥ = 1,797.55, and Z = 4.30. Thus, the
efficient frontier of portfolios for the numerical iliustration in this

paper is given by:

£+2,8

©¥2:8) | 5.4380 + Max{+ [3.0863 Vart(R(p) )

t
100E (R(p)

- O.7180]ZVO.ONBO} . (11.10)

Equation (11.10) can be illustrated as follows. AsSsume that we are
interested in calculating the highest possible expected average annual
rate of return for a portfolio with a variance of 0.5109 (in other
words, a standard deviation of 0.7148). If we substitute 0.5109 for
Vart(R(p)t*Z's) in equation (11.10) we find that the highest possible
expected average annual rate of return for a portfolio is 27.00 per cent.
Furthermore, if we substitute 27.00 for 100Et(R(p)t*2:s) in equation

(11.5) we find that the percentages of the value of the optimal
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portfolic with an expected return of 27.00 per cent across the seven
assets are 36.70 per cent, 230.83 per cent, ~213.76 per cent, -114.58
per cent, 32.79 per cent, 51.63 per cent, and 76.38 per cent,
respectively. Note that, as the MIX corporation is a linear combination
of the TCF and SERVICES corporations, the composition of the optimal
portfolio is not unique. However, other portfolios with an expected
return of 27.00 per cent will not exhibit variances of less than 0.5109.
Table 11.1 contains a list of portfolios that were generated by
increasing the expected rate of return in equation (11.10) from 15 per
cent to 30 per cent. These portfolios are then used to generate the

frontier of efficient portfolios depicted in Figure 11.1.

11.2 Frontier of Efficient Portfolios When Agents are Not

Allowed to Borrow or Short-Sell Any Assets

Here we derive the frontier of efficient portfolios when
agents are not allowed to borrow or short-sell any assets (in other
words, the shares of assets in the optimal portfolios must all be
greater than or equal to zero). This frontier is perhaps of more
interest than the frontier described in section 11.1 as our analysis
has a two-year outlook. To plot the fréntier we must solve the

following quadratic programming problem:20

t t
Choose S(p)?""’ S(p)m+1

t+2,s

) ) H (11.11)

to minimize % Vart(R

subject to
m+l m+]
Vatm?%s)= Y oy os
b i=1 j=1

t

St t,,t+2,s t+2,s)
(p)i “(p)J i¥

Cov (Ri* . RJ H (11.12)
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L ot+2,s, t t, . t+2,s )
EYRpy™) 151 Spyi ERGTT) ; (11.13)
m#+ 1 ¢
ISy =1 ; (11.14)
g1 P
and
Sipy1 20 i=1,...,m 1. (11.15)
(p)i

The frontier of efficient portfolios can be numerically generated by
changing the prescribed expected return (i.e., Et(ﬁ(p)t»s)) by small
amounts and resolving. Table 11.2 contains a list of portfolios that
were generated by increasing the expected rate of return from 17.00 per

cent to 27.09 per cent.

It can be seen from Table 11.2 that the MIX corporation does
not form part of any optimal portfolio. This is because, as mentioned
above, the MIX corporation is a linear combination of the TCF ang
SERVICES corporations. It can also be seen from the table that the
standard deviations decline initially from 0.71 (with an associated
expected return of 17 per cent) to 0.59 (with an associated expected
return of 19 per cent), afterwhich they steadily increase. Thus, the
minimum return even the most risk-adverse investor should accept is 19
per cent. Furthermore, the SERVICES and STAR corporations do not appear
in any optimal portfolios with a return of greater than 19 per cent., It
would appear that the 0S corporation, which also has operations in the
non-traded sector of domestic economy but with an overall relatively
higher expected return, is dominating the SERVICES and STAR corporations.
Finally, the portfolios listed in Table 11.2 are used to generate the

frontier of efficient portfolios depicted in Figure 171.2.
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12, CONCLUSION

In this paper we have developed a multi-index model of asset
returns with factors derived from an economic model., As our approach is
forward-looking it can be used for tactical asset allocation. In fact,
it has been shown how the approach can be used to derive the frontier of
efficient portfolios (i.e., portfolios with the minimum risk for a given
expected return.) Furthermore, although the principal focus is on the
domestic equities market, our approach has potential to forecast the
prospective performance of portfolios consisting of a whole range of

assets {(e.g., domestic and foreign equities, bonds, etec.).

In future work the procedures developed here will be used in
conjunction with the ORANI model developed by Dixon, Parmenter, Sutton,
and Vincent (1982). ORANI is a large general equilibrium model of the
Australian economy which distinguishes 112 industries. Recently
extensive research has been cpnducted on forecasting with the ORANIL
model (see, for example, Dixon (1986), Dixon and Parmenter (1986, 1987),
and Dixon, Johnson and Parmenter (1988)). It is envisaged that the
forecasting component of the procedures developed in this paper will
draw heavily on this research. It may also be desirable to make use of
regional forecasting versions of the ORANI model {see Dixon (1987),

Johnson and Kee (1987), and Higgs and Powell (1988)).
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Beyond the full-scale implementation of the methods developed in
this paper, fruitful lines for future research would include comparative
work on the performance of the CGE, CAPM and APT approaches to portfolic
management. It is conjectured that if the historical period studied is
one involving significant new developments in the economy, then the CGE
approach developed here will be a relatively better predictor of

portfolio performance.
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APPENDIX

This appendix ls divided into three sections.
The first derives the percentage-change form of the
equation describing rates of return on capital by
industry. The second describes a mapping from
industry projections to corporate projections that
allows for differential changes in rentals, creation
costs of capital, tax rates, depreciation rates, and
rates of return. Finally, the third section presents
the analytical derivation of the frontier of

efficient portfolios.
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At DERIVATION OF THE PERCENTAGE-CHANGE FORM OF THE EQUATION
DESCRIBING RATES OF RETURN ON CAPITAL BY INDUSTRY
Recall from equation (5.1) that the annual average rate of
return on capital in industry j over the period t-% to t, R*jt, is given

by:

+ (H:j(‘ - idij) - H:SR) /(lﬂggi) J=1yeue,n} (A1.1)

where P*jt is the annual average flow of rentals on a unit of capital
industry j over the period t-% to t; 1*j° is the tax rate on the rental
earned by a unit of capital in industry j over the period t-f to t;

H*jt_£ and H*jt are the creation costs of a unit of capital in industry
J at instants t-% and t, respectively; d*Jt is the depreciation rate on

a unit of capital in industry j over the period t~% to t; and £ is the

number of years between t-f and t. Equation (A1.1) can also be written:

t t t-L

Ry = Ayy 7 QI =1y eee,m; (A1.2)
where
t t t A t t-% :
Axg = BPyy (mmyg) + My (1= 2dy0) = Ty =1, (A1.3)
Totally differentiate (A1.2):
£ t -2 -9 t t-2.2
d(R*J.) = d(A*J) / (zn*j )= d(H*j by s/ (m*j )

J=1,...,n0. (A1.4)

Next we totally differentiate {(A1.3):

IORIEETCSTEE ) - dlry PPy

SCICHRICI Ry ) - atay pany ;- aeh)

%3 ) d=han. 1.5
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Substitute (A1.5) and (A1.3) into (A1.4):

9y ) = R0 - 1) 7 e

t-2
o

d(rﬁj)szj /(e

t-1

+ d(Hij)(Y - zdfj) /A

- d(dij)znfj/ (ln:}l)

- d(HE}l) / (znﬁgl)
- d(HﬁSg)R(iP:j (- rﬁj) + nfj(1 - ﬁd:J) - nﬁ}g) / (zn:32)2
J=1,...,n. (A1.6)
Equation (41.6) can be written:
1ooaR§j - pfj afj + nfj ﬁfj + nf}z vfj
+ 100A1§J A:j + 100Ad§j¢§j =1, .om  (A1.7)
where
agj = P:j (1 - r:j) / Hi}k J=1,..0,m (A1.8)
sﬁj = (- zdfj) nﬁj / (2nf}l) J*1yeeams (A1.9)
Yij = —afj - sfj J=l,eean; (A1.10)
AﬁJ - ~Pfj / nﬁ}“ =1, eean; (A1.11)
ng = rﬂ:j / n&}“ J=l,..on. (A1.12)
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The above notation can be explained as follows: the lower-case
variables are the percentage changes over the period t to t+% in the
respective upper case variables; and 1OOAR*J—t, TOOAT*jt, and 100Ad*jt
are the percentage-=point changes over the period t to t+f in the rate of
return on capita;, the tax rate, and the depreciation rate,

respectively.
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A.2 A MAPPING FROM INDUSTRY PROJECTIONS TO CORPORATE PROJECTIONS THAT
ALLOWS FOR DIFFERENTIAL CHANGES IN RENTALS, CREATION COSTS OF
CAPITAL, TAX RATES, AND DEPRECIATION RATES

Here we define a mapping from industry projections to corporate
projections which allows for a greater range of variables in which

differential changes are possible between corporations located in the

same industry than the mapping developed in seetion 7.2.

This more general mapping first requires the annual average

rate of return on the component of corporation i located in industry J
to be defined:
=t t t-2

= P -
Rij Pij (1 Tij )/Hij

-1
ij

t

i3 ) i=1,...,m; (A2.1)

=L B _ ptm%
+ (;Iij(1 2d..) Hij )/ (&1

where f’i.t is the annual average flow of rentals on a unit of capital of

corporation i located in industry J over the period t-% to t; Tijt is
the annual average tax rate on the rental earned by a unit of capital of
corporation i in industry j over the period t-{ to t; nijt—ﬁ and Hijt
are the creation costs of a unit of capital of corporation i in industry
j at t-%4 and t, respectively; and dijt is the annual average
depreciation rate on capital in corporation i in industry j over the
period t~% to t. As in section 5, it is assumed that the depreciation

ldijt occurs just before the point in time t (cf. Figure 5.2).

Next we note that the rate of return on capital in corporation

i over the period t to t+i, Ri*t”z, can be calculated:
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t+8 t t

+ :
100R;," = 100R;, + 1008R [y i=1,..,m (A2.2)

where 100ARi*t is the percentage-point change in the rate of return on
capital in corporation i over the period t to t+L. Now recall from

equation (7.3):

t Lt t t
‘IOOAR‘Lj S;. + 1004R; Sin+‘!

i inel i=1,...,m  (A2.3)

t
1004R{y =
J

Uty

1

where TOOARijt is the percentage-point change in the rate of return on
the component of corporation i located in domestic industry J over the
period t to t+4, 100ARin+1t is the percentage-point change in the rate
of return on the foreign component of corporation i over the period t to
t+2; Sijt is the share of corporation i's total capital stock located in
domestic industry j over the period t-% to t; and Sin+1t is the share of
corporation i's total capital stoeck located overseas during the period
t-% to t. The percentage-point change IOOAHijt can be obtained by

totally differentiating equation (A2.1):

t -t t t ot t-% t
‘!OOAR” = pij aij + 'ﬂij Bij * "ij Ti,j
+ 100A1§. xf. + 100Ad§.w§. i=1,...,m
J ij 471 . Codet,...,n; (A2.W)
where
a:j = §§. (- ng)/ﬂzgm i=1,...,n
J J=1,...,n; (A2.5)
sfj -1 - Rdgj) ngj/(znﬁgz) i=1,...,m
J=1,...,n; {(A2.6)

Y..="a.,'B.. i 3
H Hood ' J=1,...n; (A2.7)



126

AE. = —??./nf}ﬁ i=1,...,m
J J §=1,...,n; (A2.8)
and
ng = 'HL‘/ IIE..Q' : i=1,...,0
J J=l,e..,n. (A2.9)

The above notation can be explained as follows. The lower~case
variables are the percentage changes over the period t to t+2 in the
respective upper-~case variables; and 1OOARiJ-t, TOOATiJ‘t, and XOOAdi‘jt
are the percentage~point changes over the period t to t+f in the rate of
return onk capital, the tax rate, and the depreciation rate,

respectively.

It is assumed that the percentage change in rentals earned by
corporation i in industry j, pijt adjusts at a constant rate over the
period t to t+{ (cf. Figure 5.1):

-t ot
Pij = Py

/2 , i=1,...,m
J J=1, ... (42.10)

Note that in future work, it may be possible to empirically determine
a value for the division in (A2.10) which treats the adjustment path in
a less arbitrary manner; see Cooper, McLaren, and Powell (1985). To
allow for this possibility we will write this divison as L in what

follows,

The next step is to substitute equation (A2.10) into equation
(A2.1) and express the coefficients of the resulting equation in terms
of the observed prices times quantities:

t t t [ A -4t
IOOARij = p.lj aij/L + “ijsij + “ij Yij

i

3o eyl

+ 1oom§jx§. + 100Ad‘i°. \p'i‘j i=1
J J J=1,...,n;  (A2.11)
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where
a:J - BL. K;SZ'(I RN (HSQK;’TQ) i=1,...,m
3 J J =l,e.u,n;  (42.12)
sitj = (1 - zd;"j)nit. K‘i"fy“ / (zng‘.’L KE",Q) i=1,...,m
J i J N J=1,...,n; (A2.13)
Y‘i"j = ol - gl i=1,...,m
J J J=1,...,n; (A2.1%)
A;:’J. = - 5‘;‘, Kit;x /‘(n‘;fl KSQ’) i=1,...,m
J J J=1,...,n; (A2.15)
and
R R i1,
J i j i J=1,...,n. (A2.16)

Equations (A2.12) to (A2.16) are based on the following two assumptions.
The first is that at time t we can observe the replacement value of the
initial capital stock, Mj3%;;*"%. The second assumption concerns
when the depreciation of the capital stock actually occurs (e¢f. Figure
5.2). Here we assume that the depreciation SZ.d*Jb occurs just before the
point in time t, As a result of this last assumption, the average
annual rental that is earned over the period t-% to t is approximately
equal to the total rental earned over the period t-{ to t, PthKijt’z,

divided by the number of years, &.

It is assumed that changes in the component of corporation i
located in industry j are related to the changes projected by the CGE

model for industry j as follows:

t ot (pit :
pij'p*j+hij iI=1,...,m

J=1,...,n;  (A2.17)
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Wf. = ﬂ:TQ ¥ hiv)t -t
’ ’ ’ J=1,...,n; (A2.19)
R i, pme ; o
’ ’ ’ J=1,.. 00 (A2.19)
100Ar§. - 10041}, + hiTOOAT)t o
’ ’ ’ J=1,...,n; (A2.20)
100ad; | = 10044}, + h§T00Ad)t o
’ ! ’ d=1,...,n;  (A2.21)

where the h's are shift variables and the other variables are defined
above. The h's have been included to allow for differential responses
between corporations located within one industry. For example, it may
be that due to, say, better management techniques, the component of
corporation i located in industry j earns 5 per cent more in rentals
than the average for industry j. This situation could be handled by
setting hij(p)t e€qual . to 5.0. Note that the shift variables are not

functions of the exogenous variables of the CGE model.

For consistency between an industry projection and the
projections of the .corporations located within that industry the

following conditions on the h's must hold:

j=1,...,n; (A2.22)

#
o
fan

fl

m
3 n{Pt (P?.K?./(Pfjxﬁj))

PPk ER I

T oMttt .t .t

'21 B3 IR/ K D) = 0 J=1,...,n; (A2.23)
i=

Toomt-g, t- t-g vztd

_)1 By ny Ky /(g Keg 2 =0 Cd=1,000,n; (A2.24)
1=

m
) ni}OOAT)t oF K{j/ (P KE D) = 0 J=1,...,n; (A2.25)
j=

1
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m
3 h(100Ad)\: (H

R iy 13/ (“*J ) = J=1,...,n. (A2.26)

The next step is to substitute equations (42.17) to (42.21)

into equation (A2.11):

t t (P)t (ﬂ)t
IOOARij = (p*j ) a j/L + (H*J * ) 8
t=2 L (m)t=R, & t (10081)t, .t
s e PP vy e (ooaty ongg ) A,
+ (1004df . + n(‘OOAd)t) wi. i=1,...,m
J ij J J=1,...,n. (A2.27)

The percentage changes in the rental and creation costs of capital in
each industry are estimated by the CGE model; see equations (5.16) and
(5.17), respectively. These projected changes can be substituted into

equation (A2.27):

k

1008R" | = (at RTEREN £ h§§)t)
J v=1 *j
g, K £, (ot t
+ sij ') npop fyt hij )+ cij i=1,...,m
v=1 ¥jv J=1,...,n; (A2.,28)
where
t t~L (m)t-2,.t (IOOAT)t
Cij = (mey * by AT (100A Xt )A
+ (100adf . hf;OOAd)t>wiJ i=1,...,m
J=1,...,n. (A2.29)
Note that p and n and the elasticities of the rental and
xiFy My sF

creation cost, respectively, in industry j with respect to the vth
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exogenous variable (i.e., factor); and fvt is the percentage change in
the vth exogenous variable originating at t and sustained at least
until t+2. Recall from section 5 that it is assumed that n*Jt £ »

A1*jt, and Ad*jt are known from the data base.

Next we substitute equation (A2.28) into equation (A2.3):

n
t o t t
100087, = ) [(a! /L)(z e p o+ 0P

J=1 v=1 *i'v v +J
K
t - t
+ B (Lo g fv (")>+c]sJ
v=1 *jv
+ 1008R" st i=1,...,m. (A2.30)

int1 Tin+1

Furthermore, equation (A2.30) can be written:

n
£ 9 .t .t £ .t t (p)t

T004R/, = ji1 [Bi31 f, LU Sijkfk + (aij/L)hij

sp nMt ity

13 1 i3 J
+ 1OOAR . St i=1 m; (A2.31)
in+1 Tin#1 e :

where
t t
Bijv = (alJ/L) np*ij + Bij nn*ij i i=1,..,m

Jj=1,.,n
V=l,..,K. (A2.32)
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Finally, we can substitute equation (A2.31) into equation (A2.2):

n
t+s, t t t t t
100R{,~ = 100R/, + ng (Bijq Tq* oo ¥ Big Ty
t (p)t (m)t t t
+ (aij/L) hij v Byy by cijj sij
« 10088° st i=1,...,m. (A2.33)
int17in+1 prrer

The similarity between equation (A2.33) and the return generating
process as expressed in section 3, equation (3.8), can be more clearly
seen if we assume that all the shift variables are set to zero change

and we rewrite equation (A2.33):

t+g t Tt t g _ ot
100R[,™ = 100R/, + 321 [Cyy * by (Fy FOo+ ..
t 4l t t £ t t+l
* 0y (e F )Y S5+ 1008RY o S{p Ly * Uy
i=1,...,m; (A2.34)

where

t Lot ot :

b5y = Byjy Iy Fy 7 100 i=1,...,m

J=1,..,n
v=l,...,k. (A2.35)

Two final points can be made concerning equation (A2.34). The first is
that it contains the term ui*t*g which is the realized error at time
t+%. The second concerns the role of the term Cijt. This term is
implicitly contained in equation (3.8), where the factors are changes

in: the creation costs of capital over the period t~f to t, the tax rate
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over the period t to t+, and the depreciation rate over the period t to

t+g.
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A.3 ANALYTICAL DERIVATION OF THE EFFICIENT PORTFOLIO FRONTIER

In this appendix we follow Merton (1972) and analytically
derive the efficient portfolio frontier when agents are allowed to
borrow and short-sell all assets. Suppose that at instant t there are
m+1 risky assets with the expected average annual rate of return on the
ith asset over the period t to t+2 denoted by EE(Rixt%2:8), the
covariance of returns between the ith and the Jth assets denoted by
Covt(Ri*t*Z’S, Rj*t*zrs), and the variance of the return on the ith
asset denoted by Vart(R;»®*2,5, R;x®*2:8). Let S(p);* equal the share
of the value of portfolio p invested in the ith asset at t. Then, the
frontier of efficient portfolios can be described as the set of
portfolios that satisfy the following constrained minimization problems

(each conditioned on a specific value of the expected rate of return):

t t
c e
hoose S(p)l' P S(p)mH

to minimize %, \lart’(RE’;‘;'s) ; (A3.1)
subject to
m+1 m+l
t, t+2,s . t t+2,s t+2,s .
var™(R(Y'7) 151 321 s(p)l ()3 cov® (Rix™""0 RG™™) ; (43.2)
tpt+2,s L, t+2,5 .
ET(Re)) = Z s(p)1 ET(R'T) ; (43.3)
and
m+1 €
1=} S . (A3. 1)
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Using Lagrangian multipliers we can write:

me] mel !
. - t © t 2,8 t+2,s
=Y, ) . . R R,,7’
o LD S(yg S(pyy Cov' s R
=1 J=1
m+]
t,.t+2,s © t t+2 s
A 5 : - E R
v TR LS “ »
i=1
m+1i t
+ i, (1~ 7 8 ) .
2 161 (pl)i
The resulting first-order conditions are:
m+
t t t+2 s t+2,8
/85 - , RULe
ar (i qu S () cov® (R, g )
_ Lo.t+2,s ~
A1 E"(R/, ) A2 = 0
m+1
o t,,t+2,s .t L, t+2) s
/o = - . . =
BI/8h, = EFR (57 121 Sipys E R =0 ;
and
m+ i t
BF/dAZ =1~ % s(p)i 0

The S(p)it's that satisfy (A3.6),

i=1,...

ym+ts

(A3.5)

(A3.6)

(A3.7)

(A3.8)

(A3.7) and (A3.8) minimize (A3.1) and

are unique if no asset can be represented as a linear combination of the

other assets (i.e.,

nonsingular).

if the variance-covariance matrix of returns is

Next we note that equation (A3.6) can be written in matrix

notation as:

L, t+2,s

Cov'(R";%%) st rt12:3)

y: A B (R + a1 ;

(p

(A3.9)
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where Covl(R xt*2,8) is an ((m+1)x(m+1)) variance-covariance

matrix of the rates of return of the (m+1) securities; S(p)_t is a

({m*1)x1) vector of the shares of the value of portfolio p invested in

the (m+1) securities; EE(R #%%2:8) is an ((w+1)x1) vector of the

¢Xpected returns of the (m+1) securities; and 1 is an ((m+1) x 1)

vector every element of which is unity.

Following equation (A3.9), the vector S(p).t

expressed;

t t, t+2,s £t Rbr2:

S(p). = A1 [Cov™(R % )J )
+ 1, [Cov (Rt+2 Sy

Let vij be the ij'h element of [Covb(R #t+2,8)]~1,
ij .

can then be written:

t \ mg] BbRET205)
(p)i 1 e ij ¥
ij
+ A2 351 vij i=1,..

m+l m+1 m+1
X o

can be

(A3.10)

Equation (A3.10)

Wy M1,

£+ . 2,
‘21 " (rY20%) s(p)l byl ~21 v, B RIS BYREES)
i= i=1 j=
m+1 m+1
‘ t+
ta, 11 Yis E(Ri*z’s)

i=1 j=1

(A3.11)

(A3.12)
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Next we sum equation (A3.11) over i:

m+1 m+1 m+1i
ARV S YRS
i=1 ‘P i=1 j=1 ™
m+1 m+1
L VD N T . (A3.13)
242y g=p A

It is possible to ease the notational burden by making the following

definitions:
mEl m+i

X= 1 1 ov, efwiE ; (43.14)
i=1 =1 M J
m+1 m+1

Y- § 3 v.. E' “2 ) e' RS ; (A3.15)
. . ij
i=1 j=1

and
m+1 mt1 )

2= 5 3 v, . (A3.16)
i=1 j=1 M

Using equations (A3.14), (A3.15), and (A3.16), equation (A3.12) can be

written:

m+1
z E (R“Z 8y st
i=

(p)i = A Yo+ AZ X . (A3.17)

Similarly we can rewrite equation (A3.13):

zstA=A X+ A, Z . (A3.18)
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Using equation (A3.3) we can rewrite equation (A3.17):

t, . t+2,s

E(R(p))=xy+xx .

1 2

Using equation (A3.4) we can rewrite equation (A3.18):

1= A1 X + Az Z

From (A3.20) we can solve for Aq:

Moo= (= a2/

Substitute (A3.21) into (A3.19):

t, t+2,s
E(R, <’
¢ {p)

Y= (1 - AZZ)Y/X + A2X .

Rearrange equation (A43.22):

t+2,s

V2 s
oy’ ) = D/E - v .

t
AZ = (E'(R

Substitute (A3.23) into (A3.21):

t+2,8

2 ..
(o) )2 (xS = y2)

A1 = (X - Et(R

(A3.19)

(A3.20)

(A3.21)

(A3.22)

(A3.23)

(A3.24)

Now substitute equations (A43.23) and (A3.24) into equation (A3.11):

m+1
t - _ ebpt*2,s £, t+2,s
S(pyr = 1= EV®R S )Z)j§1 Vi ERGTD)
m+1
tt+2,8,, _ . 2 -
+ (E (R(p) X - oY) § vij}/(x YZ) i=1,...

J=1

’

m+1,

(A3.25)
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Equation (A3.25) can also be written:

S, = 106 EXR (3 m/ 0F - 12) Heov® (r%;2:%)71] )
+ {(Et(R(tS,s)x el - YZ)}{COVt(R‘fzz’S)""] L 3. 26)

where S(D)_t is an ((m+1)x1) vector of the shares of each of the
(m+1) risky assets held in the frontier portfolio p; the values enclosed
within curly brackets "(}" are scalars; [Covi(R xt*2,8)=1] ;5
the((m+1)x{m+1)) inverse of the variance-covariance matrix of the rates
of return of the (m+1) assets; EV(R, «%%2,8) i35 an ((m+1)x1) vector
of the expected rates of return of the (m+1) assets; and 1 is an
((m*1)=x1) unit vector. Equation (A3.26) is important as it solves for
shares of each asset held in the frontier portfolio with an expected

return Et(R(p)t*zrs).

Finally, we will solve explicitly for the efficient frontier.

First we multiply equation (A3.6) by S(p)it and then sum over i:

miomi oy t L, t42,8 _t+2,s
kY . » »
) p) s(p)i s(p)j Cov (R, "7, Rj* ) =
i=1 j=1
m+1 i+ 1
St b, t+2,s v ot
A 3 S(pyi ETRGTT) +a, S(o)1 (a3.27)

From equations (aA3.2), (A3.3), and (A3.4) we can rewrite equation

(A3.27):
t, t+2,s _ t,,t+2,s
Var’(R(p) ) = X1 E (R(p) ) o+ AZ . (A3.28)



139

Next substitute equations (A3.23) and (A3.24) into equation (A3.28):
t,.t+2,s _ ranbpbre,s 2 o0, L tF2,8 - p
Var (R(p) ) = [2E (R(p) ) 2XE (R(p) Y o+ Y1/(YZ - X%) . (A3.29)

This gives the variance associated with the optimal portfolic p yielding
an expected return Et(R(p)t*avs). To solve for the maximum expected

return obtainable for a given variance, we proceed as follows.

From equation (A3.29) we can write:

t, t+2,8.2 £, £+2,s - X
ak (R(p) )<+ vE (R(p) Y+ e=20 ; (A3.30)
where a=12 ; (A3.31)

b = -2X H (A3.32)
and

t+2,s

-
(o) 202 =) . (A3.33)

c o= Y ~ Vart(R

Noting that equation (A3.30) is quadratic, we can write the equation for

Et(R(p)t*‘E,S):

t Rt+2.s

1,
BY RS = -b/2a) (6% = hac)’(2a) ) (A3.34)

Finally, substitute (A3.31), (A3.32), and (A3.33) into (A3.34):

t L t+2,s

t t+2,s)
(p)

E (R(p) = X/Z + Max{sz [(Z Vvar™ (R ) - 1) (YZ - XB)JZVZ} . (a3.35)
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NOTES

For surveys of CGE models see, for example, Shoven and Whalley
(1984), Borges (1986), and Decaluwe and Martens (1986).

For -more details see, for example, Harrington (1987).

Readers please note that it is not possible with our current
word-processing system to represent in the text in the same
vertical space a superscript and subscript. To overcome this
limitation, the convention of first typing the subscripts and then
the superscripts was adopted.

Systematic risk is an estimate of how the expected returns from an
asset or portfolio will move relative to the returns from the
market portfolio. As an aside, note that the CAPM designated
systematic risk as beta; see equation (3.21).

The unsystematic risk of an asset is caused by changes that are
specific to the asset (i.e., not related to the market). For
example, changes in a firm's management may affect its returns
independent of changes in the market's rate of return.

Note that it is only with the introduction of a concave utility
function that the greater sensitivity translates into "risk"., In
the pure APT with no utility function, a downward sloping capital
market line is possible.

See Higgs and Powell (forthecoming).

A complete list of the exogenous variables is given in Higgs
(1987a).

The real exchange rate is defined to be equal to the nominal
exchange rate times the world price index divided by the domestic
price index. Note that, in all the simulations, any changes in
the world price index have been assumed to be negligible.

Note that this is consistent with the ORANI theory of investment;
see Dixon, Parmenter, Sutton, and Vincent (1982, pp. 94-5).

Note that we have implicitly assumed that the period during which
the unit of capital is held (one year) is long enough to avoid any
capital gains tax.

The derivation of equation (5.3) is given in Appendix A.1.

With £ set equal to a value no.smaller than the length of the
ORANI short run, no further adjustment occurs beyond this point
under the conditions of a standard short-run closure.

Suppose there were no changes between t and t+% in any of the
factors (i.e., Fy¥*% = p tror a1y v - Ty..., k) and that there
were no change in the tax rate or the depreciation rate. Thus the
only component capable of generating a change in R*j is the first
term on the right of equation (5.19); namely, tfle inherited
initial growth rate of capital goods prices. Ir there is no
change from one period to the next in this growth rate (and
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18.

20.
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therefore no change in the initial conditions), then the rates of
return are also stationary,

Note that estimates of the value of capital stocks are contained
in the ORANI model. However, these values were principally
estimated to provide a commodity breakdown of the creation of a
unit of investment in each industry rather than to estimate the
total value of the capital stock in each industry; see Hourigan
(1980). Rather than use these estimates the values of the capital
Stocks at time t=2 and t were calibrated to achieve the rates of
return shown in Table 5.2. For more details see Higgs (1987a).

Recall from section ¥4 that a one per cent increase in the nominal
exchange rate (i.e., the numeraire) has the effect of increasing
all prices by one per cent but leaves all real variables
unaffected.

For an example where the future developments in the exogenous
variables are correlated see Higgs (1987b).

If A = (ajj) ana B = (bjj) be each (mxn) matrices, their
Hadamard product is the (mxn) matrix of elementwise products;
A°B = (ai'bij)- For more details see, for example, Rao

and Mitra (1971).

Notice that since R.x5*2 = R.xb + AR.*t, the conditional covariance
matrix among the elements of R.xbt* » given the realization
R.*Z, is identically the conditional covariance matrix for
AR, %%,

To solve this problem use was made of a quadratic programming
package based on Land and Powell (1973).
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