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ABSTRACT

The adjustment-cost model of investment provides a rigorous basis for deriving a
firm’s price elasticity of output over various lengths of run. Moreover, parameters of
the adjustment cost function itself play a prominent role in determining the size of the
elasticity over the medium and long run. In this paper, we demonstrate how to derive
supply elasticities from the optimization problem of a firm with a Cobb-Douglas pro-
duction function (the CES case is treated in an appendix). We then compute elasticities
for interesting values of the model’s parameters, and argue that correct treatment of
adjustment costs is essential to obtaining realistic behaviour from exporting sectors in

general equilibrium models.
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1-¢=% {or

My = Tgp + | um,m; (A35)

To obtain the final expression for the long run elasticity, we must differentiate (A20)

with respect to p:

i-p
mmj vp 1 Y P 1 N&N\N <bl-e€ .@m
= H-by VP iV 4 g P - 100 7 A36
R N e
Differentiating (A4) with respect to p produces:
oH ~pH
= Y. (A37)
dp  p(-p)
Inserting (A37) into (A36) and rearranging gives:
ar _ aYP(H-pYy VPH VP b | pHYP—w
=l —p+ | T A38
7 = A B A%
Converting (A39) 1o an elasticity yields:
or p _ pH'P -p b
o= . A39
BT T |y | wHB) (A39)

Inserting (A39) into (A35) gives:

S G T o
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A— (r48A == T(pw), (A25)

. A Ve

K=1{"_ - 8K . (A26)
opy :

When p, w and r are expecied to be constant in the future, (A25) can be integrated to

obtain:

_ Tow) 5
r= B (A27)

Similarly, equation (A26) can be integrated to give an expression for the capital stock

at future points in time:

L e
KOy =k©Oe¥ +[ |1 =80y

. (A28)
o | Opr

The elasticity of output at time T in response to a permanent change in p occur-

ring at time zero is given by:

- 0g(T) P 9 (T) .&NQ&.DP.@ A29
w7 WD TR W g (A29)

Tr

The first term on the right-hand side of (A29) is the short-run elasticity, Ngp. To
obtain the second term, we will first construct each of its components. The derivative

of g with respect to the capital stock can be obtained from (A9):

Supply Elasticities in the Presence of Adjustment Costs
by

Peter J. Wilcoxen!

1. Introduction

An industry’s price elasticity of supply is a useful summary of how the sector
responds to changes in the price of its output. In the short run, when capital stocks are
fixed, it is straightforward to calculate the elasticity from the industry’s optimization
problem. Over longer periods of time, however, the capital stock in the industry can
change. When it does, the elasticity of supply will increase, so in the medium or long
run the elasticity may be considerably larger than its short-run value. Just how large
the longer-run elasticities are depends on the speed with which capital can enter or

leave the industry.

How fast an industry’s capital stock changes depends on the nature of its invest-
ment decision. If it buys fully-functional capital goods on the open market for a price
it takes to be exogenous, then its capital stock can change very quickly and its medium
and long-run supply elasticities will be quite large. On the other hand, if it cannot
change its capital stock at all, the longer-run elasticities will be identical to the short-
run value. A convenient formalization of the investment problem that encompasses
both of these cases and the entire range between them is the adjustment-cost model.
In the adjustment-cost model a firm creates its own capital stock by buying raw capital
goods and installing them in its production process. When the installation step

involves diminishing returns, the firm will face convex costs of creating new capital

1. The author is grateful to Alan Powell for many helpful commenis on an earlier draft of this paper.
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Nsg = » (A13)

where o is the elasticity of substitution between capital and labour, and is related 1o P

as shown:

o=_1_. (A16)
Tn

Consulting equation (A5) shows that ng; will be positive whenever the firm uses a
positive amount of labour. In addition, notice that when o is one, (A15) collapses o0

the Cobb-Douglas case given in equation (8), where o=1-b.

To obtain the medium and long run supply elasticities, we follow the adjustment
cost approach used in the text. The first step is to derive the firm’s earnings function,

Earnings are the difference between revenue and variable costs:
E =pqg -wlL . (AlT)

Inserting ¢ from (A9) and L from (A6) and rearranging slightly produces the earnings

function below:
E =a PR (pHY? — w)H-by VP . (A18)

Equation (A18) gives the maximum earnings that can be obtained on a given capital

stock after the input of labour has been chosen optimally. From the analysis in the

-3

w=pgK,L)y-wL , ¢Y)]

where p is the price of the firm’s output, w is the wage rate, and L is labour input.
Maximizing (1) over choices of L subject to the constraint on K produces a first-order

condition which can be written:

@

ST

Yy

Now suppose the firm has a Cobb-Douglas production function with constant returns to

scale, so g(K,L) has the form:3
qK,L)=AKL"™ ©)]

where A and o are parameters. Differentiating (3) with respect to L produces:

dq

o = (-0AKL™. )

Inserting (4) into (2) gives the explicit first-order condition for the firm:
(1~0)AK L~ = .m.m . &)

Rearranging (5) gives an expression for the optimal labour input, given prices and the

3. The CES case is discussed in an Appendix.
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[
T
Hpwy= |2 | (Ad)
bp
Using H, (A3) can be rearranged and written:
LP = aKP(H-bY . (A5)

Finally, raising each side of (A5) to the power Vp gives an expression for optimal

labour input:

L =a"PK(H-bYy"P (A6)

Inserting (A6) into (A1) and rearranging produces:

GP = aKP? + baKP(H ~H )", (AT)

where we have used ¢ to denote the firm’s optimal output for a given capital stock.

Equation (A7) can be simplified to give:
GP = aKPHH~b)? . (A8)
Raising each side to the power V/p gives:

G =a "PKHVYP(H-b) VP (A9)

3. Longer Periods of Time

Over longer periods of time the firm will be able to adjust its capital stock in
response to a change in p. This, in turn, means that the firm’s price elasticity of out-
put will be higher than in the short run. Precisely how much higher depends on the
length of run and the ease with which capital can enter or leave the industry. To for-
malize the notion of how easy it is for the industry to change its capital stock, we will

now develop a model of investment subject to adjustment costs.

Consider a firm whose short and long-run optimizations are separable, so its
short-run decision on variable inputs can be determined independently of its level of
investment? Let the function E (K,p,w) represent the firm’s short-run profits~which
we will usually refer to as its "earnings"-on a given capital stock after choosing its
variable inputs optimally. The firm in section (2), for example, would have an earnings

function given by:

(1-cyex

E®,p,w)= 0K (pA)V® .c;wglv . ©)

Equation (9) was obtained by inserting (6) and (7) into (1). For the moment, however,
we will not assume that E£(K,p,w) takes any particular form. Thus, a fimn investing

at rate / will have an instantaneous rate of profit given by:

n=E®X,p,w)-CW), (10

4. This form of scparability holds when investment does not appear in the production function. When
separability does not hold, the model becomes somewhat more complicated because the first-order
conditions for variable inputs have to be handled simultancously with those for investment. How-
ever, the interesting features of the solution do not change substantially, so we have chosen 1o as-
sume separability holds.
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Wilcoxen, Peter J. (1989) "Intertemporal Optimization in General Equilibrium: A Prac-

m%; n;.w%mé +A=0, (14)
tical Introduction”, IMPACT Project Preliminary Working Paper No. IP-45,
University of Melbourne. oH - 0F A= A 15y
% = 7%°¢ 5 A, (15)
oH :
=] -8K =K, 16
A 19

where A is the derivative of A with respect to time. Expressions (14) and (15) can be

simplified by defining a new variable, A, as follows:
A=he™ . 17

Thus, A is the present value of the new variable A. Using (17) to simplify (14) and

(15), the first-order conditions can be shown to be:

_ac
A= (18)

. __ O
A= (r+8)A = =K 19
K=1-8K . 20)

Equations (18) through (20) are very general and apply to any problem of the
form set out in expressions (11) and (12). To obtain explicit first-order conditions for
the particular problem at hand we must specify functional forms for C and E. Assum-
ing as we did in the short-run problem that the production process is a constant-returns
Cobb-Douglas function of labour and capital, equation (9) gives the firm’s earnings

function. Thus, differentiating (9) produces one of the necessary partial derivatives:
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4. Conclusion

The analysis above shows that the adjustment cost formulation provides a
rigorous and intuitive framework for deriving a fim1’s price elasticity of supply over
various lengths of run. Moreover, the mn.nSmor is general enough to capture many
appealing hypotheses as special cases. In addition, the results derived in the last sec-
tion show that medium and long-run supply elasticities are very sensitive to adjustment
costs. Thus, using the adjustment cost model to represent exporting industries in gene-
ral equilibrium models could reduce the output elasticities for those sectors to realistic
levels. In fact, since the elasticity is sensitive to even small departures of the adjust-
ment cost parameter ¢ from unity, the usual assumption that there are no adjustment

costs at all is very strong.

T . @n

Finally, using (27) to eliminate / from (26) produces the model’s equations of motion:

. 1 (1~aya
A — (F+8)A = — apA YO !.u%s , (28)
} A JVeD
K= |.__ - 8K . 29)
oy

To derive the supply elasticity, the next task is to integrate (28) and (29). Muld-

plying both sides of (28) by e~ *%% and integrating over the interval [t ) gives:

(I~ayo

lim As)e ™0 A()e= 8 = _ [ gpayve | 179 e yge . (30)

§ oo ' w

We now assume that as s, A(s) grows more slowly than r+8, so the following

transversality condition holds:®

fim A(s)e ¢+ =0 | (31)

5 oo

Using (31), equation (30) can be simplified to give:

8. Refer to Wilcoxen (1989) for a detailed interpretation of this condition.
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Finally, 11y also depends on o in an intuitive way. As o goes toward zero and capital
becomes unimportant, Ny goes to infinity. In contrast, as production becomes very
capital intensive (@—1), changes in output come entirely from capital accumulation so
Ny becomes dominated by the length of m:: and the magnitude of adjustment costs,

¢-1:

lim g = |- |13y | 46)

o1 o1

Equation (44) can also be evaluated for specific numerical values of the parame-
ters. Table 1 gives the value of 1y when T is ten years and the depreciation rate, 8, is
ten per cent. For reference, the short run elasticity is shown in the column labeled No-
To interpret the numbers in the table, remember that in the absence of adjustment
costs, ¢=1 and My is infinity. Thus, even a small degree of adjustment costs, such as
¢=1.01, reduces the elasticity considerably, especially for firms that are capital inten-
sive. As ¢ rises higher, Ny quickly becomes quite small, especially considering that the
shock is permanent and ten years are allowed for adjustment. The precise value of ¢
is an empirical question, but the assumption that ¢=2 is not unusual in the adjustment

cost literature.10 At that point, the elasticity has dropped from infinity down to unity.

10. Sec Summers (1981), for cxample.

<11 -

It is now possible to compute the price elasticity of supply at any point in time,
In particular, we would like to know how a permanent change in p occurring at time 0

affects § at time 7. That is, we are interested in the following elasticity:

ag(Ty p

= . 37
R s eGP

where the subscript T is used to indicate that the elasticity measures the response of §
at time 7. Since the change in p is permanent, we have not subscripted dp by time.
Referring back to (7) shows that the change in §(T') for an infinitesimal change in p is

given by:

dqT) _ 9q(T) , 0q(T) dK(T)
dp op KTy ~dp

. (38)

The first term on the right is easy to evaluate: it can be obtained by differentiating
equation (7). The second term is more formidable. The change in § caused by a
change in K(T') is straightforward, but the change in K (T') produced by a change in p
will depend on the entire history of investment between the time the shock occurs and
T. That s, if the shock occurs at 0, K(T') will depend on the path of investment over
the interval [0,7]. From (27), however, we know that investment depends on A, and
from (33) that A depends on p. Thus, using the chain rule allows the rightmost term

in (38) to be rewritten as:

9(T) dK(T) _ 3g(T) dK(T) AN a9
KTy dp KTy ~Ax dp
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