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Abstract

At the heart of most rational expectations models is a system of first order
differential equations describing the behaviour of the model’s endogenous
varigbles. The methods commonly used to solve these models, such as
multiple shooting and Fair’s algorithm, can be very slow to converge. This
paper describes a generalization of Fair’s technique that is significantly faster

while providing equally accurate results.
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A Fast Algerithm for Solving Rational Expectations Models

by

Peter J. Wilcoxen

At the heart of most rational expectations models is a system of first order
differential equations describing the behaviour of the endogenous variables. Each
equation will be accompanied by a boundary condition on one of the variables; some
specified as initial values, and others as terminal conditions. If the variables are
divided into vectors k£ and w according to whether the corresponding boundary condi-

tion is specified at the initial or terminal time, the problem is to solve:

kN H%A—S»F.Nnv ’ AHV
W =fw,k,z2) 3]
given boundary conditions:
Wy = w s 3)
ko=k @)

In a typical problem, the elements of k are stocks of physical capital, while the ele-
ments of w are the values of those stocks. Vector z, is exogenous. Time 0 is the
present, and T is a date in the future. (As noted in Lipton, et al. (1982), no additional
difficulty is presented by boundary conditions expressed as limits when approaches
infinity.) Since some of the boundary conditions hold at time 0, and others at 7', this
is known in the differential equations literature as a two point boundary value problem,

and it can be very difficult to solve.
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determine earlier values of £ since the periods are linked by the J ;5 terms in the (I-J)

matrix.

Since the below diagonal terms are all zero, the system of equations can be
solved easily by backward substitution.* The revised expectation for the last period is

given by:
Efq = U=t ?ut\:mw w . (16)
Earlier periods are then found by repeated application of the expression:
Efy ==t T: T GE] =T QE/ T GERR L (a7

Since Jy; is assumed to be constant over periods, it is only necessary to compute
(I-J;;"" once for each iteration of the algorithm. Moreover, for models with a single
foresight variable, the expression becomes particularly simple since the matrix inver-

sion is replaced by ordinary division.

As a practical matter, using the algorithm consists of several steps. The first is to
obtain the values of Jy; and /1, One way to do this is to solve the first several
periods for an arbitrary (but reasonable) set of expectations. Then, by perturbing the

first period expectations one at a time, the elements of J;, can be determined.

4. Nonzero terms below the diagonal would mean that solving the system would require matrix inver-
sion or Gaussian climination. Both of these are much more difficult than backward substitution, so
that is why it is convenient 10 approximate those terms with zeros.

5. If there is one foresight variable, these will be scalars: otherwise, they will be matrices.

-3

simpler. The method proposed below is intermediate between these two. It retains
much of the simplicity and ease of use of Fair’s procedure, while employing a more

sophisticated revision rule that converges much faster.

The algorithm can be derived formally as follows: given a vector valued function
A that generates actual values from a vector of expectations E, find a vector E which

solves the equation:

E=A®E) . 9]

In the notation used earlier, E would contain the values of w, at all 7 from 0 to T and

the actuals vector would be computed from the following two equations:

ky =k +g (B koys20) ®3)

A = E ~f (B kL2 )

Equation (7) suggests using a numerical approach similar to Newton’s method.
Replacing A in (7) with a first-order Taylor series expansion of it around vector E;

produces:

}Amm\:v = >Am~v + .ua.aw.‘.:lmmv N AHOV

where E; is the trial vector of expectations at iteration { and J; is the Jacobian of A
evaluated at E;. Taking E;,, to be a solution, the left hand side can be replaced to

give the following:
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